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Abstract 
 
In the early industrial design phases, stylists need high-level tools to support their creativity 
properly. A curve oriented design methodology seems to fulfil their attitude to sketch. In 
fact, the object character is impressed through certain curves, semantically important from 
the aesthetic point of view.  
The goal of this thesis is capturing such a semantics, in the perspective of providing 
computer aided modelling tools supporting the designer intent. Feature-based 
methodology was born to capture knowledge useful for reasoning about a product and had 
shown its power in the mechanical field. An extension of this concept to free-form 
modelling is here proposed to cover conceptual design requirements. Styling features are 
described and discussed as an innovative technique to enrich a geometric model with a 
meaningful semantics in the styling activity. 
The feature concept is independent of the geometry describing a product in a CAD system. 
Hence, a first application has been given in the framework of the traditional NURBS 
modelling technique. In order to answer still exiting drawbacks of continuous 
representations along the entire development process, a further application to a discrete 
surface representation has been proposed. 
Subdivision surfaces appear as a potential modelling tool, alternative to the standard one, 
being in-between a continuous and discrete representation. Their applicability to the CAD 
environment has been examined in this thesis. A practical validation have been done 
treating features obtainable by means of generalised sweep operations on subdivision 
surfaces. Sweep features are intended and formalised here as styling features and have been 
chosen for the expressive power in describing recurring shapes in industrial products. 
  
 
Sommario 
 
Nelle prime fasi della progettazione industriale, gli stilisti necessitano di strumenti di alto 
livello per un adeguato supporto della creatività. Un approccio di modellazione orientato 
alle curve rispecchia la consuetudine ad utilizzare sketch a mano libera durante l’ideazione 
di un nuovo prodotto. Infatti, il carattere di un oggetto è impresso tramite alcune curve 
significative, semanticamente importanti dal punto di vista estetico. 
L’obiettivo di questa tesi è cogliere tale semantica, nell’ottica di fornire degli strumenti di 
modellazione di forma in grado di supportare l’intento progettuale. La metodologia feature-
based è nata proprio per aggiungere conoscenza utile al modello geometrico e facilitare le 
operazioni in diverse fasi della progettazione e realizzazione dei prodotti. La definizione di 
feature non è univoca in quanto è strettamente legata al contesto di applicazione. Qui si 
propone un’estensione del concetto di feature adatta all’attività di stile, e più generalmente 
alle attività in cui la forma di un oggetto è descritta da una geometria complessa. La tecnica 
proposta mira ad arricchire il modello geometrico, permettendo ai designer di lavorare con 
strumenti digitali più vicini alla loro mentalità.  
Poiché il concetto di feature è indipendente dalla rappresentazione geometrica utilizzata per 
modellare un oggetto in un sistema CAD, se ne è data una prima applicazione nell’ambito 
della modellazione tradizionale tramite NURBS. Dal momento che le rappresentazioni 
standard -operanti tramite superfici continue- presentano svantaggi che appesantiscono il 
processo di sviluppo di un prodotto, una seconda applicazione dei metodi feature-based è 
stata proposta per una rappresentazione geometrica basata su superfici discrete. 
Le superfici di suddivisione appaiono uno strumento di modellazione potenzialmente 
alternativo a quello tradizionale, essendo a metà tra una rappresentazione continua e 
discreta. In questa tesi, si è esaminata la loro applicabilità nel contesto del CAD e se ne è 
data una validazione pratica. Feature ottenibili tramite operazioni generalizzate di sweep 
sono state formalizzate come sottoclasse delle feature di stile precedentemente discusse e 
trattate sulle superfici di suddivisione. E’ stato scelto questo metodo di costruzione di 
feature in quanto diverse categorie di forme ricorrenti nei prodotti industriali rientrano in 
tale classificazione. 
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Introduction 
 
Product design is a complex activity in which the product shape is the major outcome, 
resulting from a long and complex loop of operations. To tackle competitiveness, costs and 
time to market must be reduced as much as possible while guaranteeing quality. This can 
be obtained, from the one hand, by establishing virtual organisations in which each 
company provides specific component design or expertise and, from the other hand, by 
adopting the concurrent engineering methodology, which considers to perform the various 
necessary activities as soon as possible and in parallel. Simplifying the communication 
procedures in the workflow phases is thus crucial as well as preserving the design intent 
along the development process. 
Feature-based modelling methodology can be an answer to this kind of requirements. 
Introducing features in the modelling approach is a way to add semantic information to the 
geometric model and this appears decisive to really exploit the huge amount of data 
involved and the related associated knowledge. In fact, enriching geometric data with 
semantics could improve the interaction with the geometry itself; in addition, it would 
permit to reduce the data deluge and to make the retrieval of the related information or 
models easier, thus avoiding the replication of already performed activities or models. It is 
obvious that the identification of the geometric entities of an object which could be 
associated to semantic data becomes crucial; moreover, such a semantics is context-
dependent. At the beginning, features have been defined for the automatic generation of 
NC (Numerical Control) and manufacturing processes from CAD (Computer-Aided 
Design) data, but the advantage of their adoption in the design phase was immediately 
clear. They carry a different semantics according to the area of process under observation: 
for instance, they can correspond either to the function of a part, the way it is produced, or 
the action to perform in the engineering analysis of it. 
In the aesthetic design phase, the stylist’s intent, usually expressed by a hand-made sketch, 
has to be converted into a digital representation. This is a delicate passage, since creativity 
is not often well-supported in CAD systems: from the one hand, complex and free-form 
shapes require advanced tools to be described; on the other hand, such tools are strictly 
founded on mathematical concepts, unintuitive for designers. In this thesis, a feature-based 
approach able to capture the design intent in the early stages of product development 
process is proposed. 
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While in the mechanical domain geometry is described by analytic surfaces and shapes are 
usually canonical, thus easily classifiable, the extension of the feature concept in the free-
form domain is much more complex because of the freedom in shapes to be modelled. 
From the geometric point of view, it requires more adequate representations, such as 
NURBS (Non-Uniform Rational B-Splines); moreover, subjectivity, culture and fashion 
make defining a semantics hard, since the goal is reaching a pleasant aesthetic effect and no 
rules can be applied. However, the introduction of features in this context would offer the 
same advantages of efficiency and structured information, contributing to preserve the 
original design intent during the whole product development process. In fact, their 
adoption as modelling primitives would make the creation and modification of parts more 
efficient and independent of the underlying geometric representation. It would provide 
semantically enriched building blocks, while avoiding frequently repeated sequences of 
elementary operations; besides, it would allow for part modifications by simply varying the 
value of some key parameters. 
A part of the work has been devoted to the study of designers’ habits and requirements in 
order to identify what “design intent” means in this context. More than in other phases, 
here the focus is on shape and a feature-based approach has to be founded on it. Such an 
analysis led to a first free-form feature taxonomy, distinguishing features according to 
significant shape characteristics. A first reasoning about a free-form feature-based system 
has been done: essential feature parameters, constraints and the interaction with the 
underlying geometry have been studied.  
A subset of styling features has been implemented in the traditional framework of NURBS 
in collaboration with the Laboratoire 3S in Grenoble (France) within the bilateral 
agreement between L3S and CNR IMATI-Ge. The initial results are included in the thesis, 
but the research activity is still going on and interesting results have been achieved. 
Although NURBS are the facto standard in the early stage thanks to their good geometric 
properties and flexibility, they suffer from some annoying drawbacks. In particular, they 
cannot permit to represent any surface topology and need to decompose the object 
geometric description as a collection of patches. This limitation does not only affect 
modelling operations, which may become cumbersome due to connection problems, but 
also the communication with the successive phases of design. 
Each involved activity in the development process concentrates on specific product aspects 
and uses particular information, thus needing a proper geometric model. The CAD model 
is central in the product development process, since it is the first created and then normally 
used as a reference representation from which all the other models derive. It can be noted 
that not always a continuous and precise representation is used; on the contrary, in many 
phases discrete models are adopted mainly aimed at simplifying the process. It is easy to see 
that a significant problem is the transfer of such models to other phases or to other 
contractors without losing information. When transferring a multi-patch or trimmed 
NURBS model, connectivity problems arise and errors and loss of information occur, 
requiring time consuming operations of surface correction. 
In this thesis, subdivision surfaces are then proposed as a potential alternative to NURBS in 
the design phase, able to reduce even partially these drawbacks. Informally speaking, 
subdivision surfaces are defined as a sequence of successive meshes that converge to a 
continuous surface. For this reason they could be ideally used as a common framework for 
all the phases. Where a discrete model is needed, each instance of the subdivision surface 
may suit the requirement; where a continuous model is necessary, the tessellation can be 
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refined until it becomes a good approximation of the final surface. There are various issues 
to face in order to introduce subdivision surfaces in CAD modellers, but some software 
companies are working on them. This thesis can be seen as a first feasibility study to prove 
that subdivision surfaces can be used as an alternative geometric representation during the 
design stage where surfaces are complex and smooth. Their application to the early phases 
has been validated by providing a high level semantic tool to directly manipulate the 
geometry; in addition. some hints to exploit them in other phases have been given.  
Since subdivision surfaces were not conceived for CAD applications, as all discrete 
geometric representations, they are lacking in high-level tools for handling; in fact, 
designers do not like to bother with mathematical aspects and point manipulation. Since 
the feature concept does not depend on the underlying geometry, a feature-based approach 
has been applied to this representation to allow users to deal with it more intuitively and 
closer to the way they are used to. In particular, features obtainable by generalised sweep 
operations have been chosen because they cover a large set of shapes commonly appearing 
in products. They have been formalised here as a subclass of the defined free-form feature 
taxonomy. 
It is worth mentioning that the work of this thesis originated from the analysis of the 
stylists’ activity and desiderata highlighted during the discussions with designers from both 
automotive and consumer appliances fields, such as Pininfarina, Saab, BMW, Alessi and 
Eiger. These discussions arose within the frame of two European projects (FIORES and 
FIORESII) aimed at the development of modelling tools better supporting the design 
intent from the aesthetic perspective.  
I.1 Outline of the thesis 
The thesis is organised as follows. 
Chapter 1 discusses the key issues in the computer-aided surface modelling tools used in 
the industrial aesthetic design workflow to highlight the problems that still make computer 
assisted styling activities difficult. Stylists demand for working on the model as on a single 
surface, guiding the modifications by changing some curves while being free of all burden 
due the control points manipulation and continuity conditions among the constituting 
patches. From the analysis, it emerged that requirements needed in the early stage of the 
design may be tackled both by changing the underlying geometric representation and by 
developing modelling methods and tools closer to the creative user's mentality.  
In Chapter 2, feature-based methodology is proposed as an innovative modelling tool to 
meet designers’ requirements. First, an overview of the motivations which originally took 
to the feature concept is given; fundamentals and properties according to the application 
field are described. Then, the attention focuses on the free-form modelling context, where 
a taxonomy of free-form features has been conceived, distinguishing between structural 
and detail features. A reasoning about the development of an effective design by feature 
system in the free-form context is finally done, with particular attention to geometric 
creation methods. Such an analysis suggested the implementation of two dedicated 
deformation operators, able to insert free-form features in conceptual design. 
In Chapter 3, the interest will be focussed on the geometric approaches used in the early 
stages of design. Some recent results about NURBS manipulation will be reported and the 
main drawbacks which they suffer from are discussed. Subdivision surfaces are then 
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introduced as an alternative geometric representation, which is able to overcome such 
kinds of problems. A strong accent is given to the analysis of the applicability of 
subdivision to CAD environment, with particular attention to higher level manipulation 
tools for free-form design. Subdivision surfaces appear promising in relation to a possible 
integrated modelling approach, where a unique geometric frame supports different stages. 
A final discussion about the product development phases which could take advantage of 
subdivision techniques is hold. 
Starting from the feature classification given in Chapter 2, Chapter 4 and 5 describe two 
high-level manipulation tools for modelling free-form shape in aesthetic design and show 
the obtained results. 
In Chapter 4, a first implementation of a generic deformation feature for character line 
insertion on B-spline surfaces is proposed. In the devised approach, the feature 
deformation method is based on the force density technique, where B-spline surfaces are 
coupled with a mechanical model of a bar network; geometric constraints are automatically 
and adaptively added to monitor and control the deformation process. 
To show the potentiality of subdivision surfaces, a prototype has been developed for the 
insertion of Sweep-like features within this geometric framework. In Chapter 5, Sweep-like 
features, which can be considered as a subclass of the detail features defined in Chapter 2, 
have been formalised and described into details. The geometric manipulation of the surface 
will be treated into details and the developed Graphical User Interface, conceived to assist 
the user as much as possible in the free-form manipulation phase, will be described. 
Final remarks and future perspectives will be discussed in Conclusions and Perspectives. 
Three technical appendixes complete the document. 
Appendix A gives a short overview of geometric modelling techniques, including NURBS, 
in the recent past, summing up principles and basic tools. 
Appendix B treats some mathematical details of subdivision surfaces. The formal 
definition is given, showing the relationships between this representation and the standard 
B-splines. The rules of the most used subdivision schemes are reported together with a 
comparison among the different schemes. 
Appendix C briefly describes Maya modeller by Alias|wavefront, where the prototype 
implementing sweep-like features has been inserted as a plug-in. Some notes related to 
code information and organisation are added.  
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Chapter 1 
Aesthetic engineering 
What is presented in this chapter is mostly based on the experience gained working 
in two European projects: FIORES (Formalisation and Integration of an Optimised 
Reverse Engineering Styling Workflow) and FIORES-II (Character Preservation 
and Modelling in Aesthetic and Engineering Design), with the collaboration of 
industrial designers in the automotive field, such as BMW, Pininfarina, Saab, and in 
the household supplies field, such as Alessi. 
An analysis is provided about how the aesthetic product character, which 
contributes to the product soft functions, can be reached in the creative design 
phase. Then, a general design workflow of the car industry is shown, pointing out 
the main differences from non-automotive sectors; the problems still present in the 
design activity are also highlighted.  
Finally, the chapter focuses on research activities aimed at defining methodologies 
and tools more efficient and specific to the mentality of creative people, together 
with new interaction techniques. 
1.1 Aesthetic character specification 
In a competitive worldwide market, where product lifetime is being reduced and where 
firms in competition put on the market at the same time products with the same 
functionality at comparable prices, the aesthetic aspect is becoming more and more 
important in customers' decisions. Furthermore, the availability of new materials and 
production tools makes the manufacture of very complex shapes possible, thus permitting 
a greater freedom of design. Computer-aided tools developed to support styling provide 
high quality rendering and animation facilities, which reduce the number of physical 
prototypes, thus cutting design costs.  
Styling is a creative activity where the designer’s goal is to define a product that evokes a 
certain emotion while satisfying the imposed constraints. Therefore, a product can be seen as 
characterised by hard and soft functions [LeDo 00]. Hard functions include how it works, 
what it does, construction operations needed and materials used; soft functions include 
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intangible qualities such as emotional bonds, familiarity, aspirations, desire, sentimentality, 
aesthetics, personal taste, touch, smell, feeling and personality. A soft function has to be 
inherent within the design concept and it only adds value if it is culturally and emotionally 
significant for the target audience. This is even more evident for those products with a 
strong symbolic value. A good example is provided by the two writing tools: a Bic ballpoint 
and a Mont Blanc fountain pen [Got 99]; their basic function is the same, but their 
symbolic value is completely different, the second one being a kind of status symbol of 
wealth. It is evident that some products include a symbolic message unconsciously 
recognised by a customer. This non-directly expressed symbol adds an important value to a 
product as the user feels it really suits him. A desirable object sometimes makes a lower 
degree of usability and a higher price acceptable. Therefore, a better understanding of 
human reactions can allow for an easier satisfaction of market wishes and tastes. In 
addition, there is also a desire to formalise the design intent underlying the product 
specification to improve the communication quality between different departments in the 
same company, i.e. styling and engineering, or with external suppliers. 
Several studies aiming at identifying the links between a product shape characteristic and its 
emotional message have been carried out from different perspectives, including perceptual 
psychology [Luh 94, Nag 95], design and computer science [WaJa 92, Bre et al. 98, HsWa 
98, YoYa 98 ChOw 98]. 
The first studies were performed by the Psychological School of Gestalt (~1920) which found 
out that individual perception groups elements on the ground of regularity: symmetry, 
simplicity, balance, closeness, proximity [Lan 95]. As an example, in Figure 1, it is natural to 
recognise columns in (a) and rows in (b). 
(a)
  
(b)
 
Figure 1. Proximity 
Shape language is based on anthropomorphic concepts: in fact, men grasp the familiar 
aspects, giving a symbolic interpretation to what they observe. According to the Arnheim 
theory [Arn 64], simple forms correspond to significant human experiences and then 
capture the attention. When perceiving, regularity causes a positive feeling and repetition 
induces calm, because it is expected. Even colour and similarity with known shapes are 
factors commonly inspiring certain sensations. For instance, in Figure 2, the kettle reminds 
the shape of a rabbit, usually suggesting pleasant sensations. 
 
Figure 2. A kettle with a rabbit-like shape 
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Moreover, in the perception field, it is usual to discriminate between analytic form and organic 
one: the first class comprehends everything related to the idea of coldness, the second one 
to warmth and mother feelings (see Table 1).  
 
Analytical Organic 
Male Female 
Technological Biological 
Rigid Soft 
Strong Kind 
Not Continuous Continuous 
Cold Warm 
Artificial Natural 
Table 1. Analytic and Organic Form 
During the creation phase, stylists consciously or not consider all these aspects. Drawing a 
sketch, they stress some characteristic lines that deeply connote the object emotional part. 
Accordingly to the aimed effect, different types of shape are specified. So it can be found 
out a strong connection between shape and geometry on the one hand, and human 
perception on the other, as Kandinsky suggested in [Kan 80]. For instance, the analytic 
form is described by straight lines and sharp corners, while the organic one by circles and 
round lines (see Figure 3): 
  
Figure 3 Analytic and organic form  
1.2 Car sketching  
In the automotive field, the first aspects playing a decisive role in judging a product is what 
can be said graphics, i.e. some details of the car or the colour; the second is treatment, that is 
the character of surfaces and leading lines; the last is volume, i.e. proportions and the mass 
distribution. 
Ordinary people perceive the car taking into account the mentioned aspects exactly in that 
order; on the contrary, designers develop their idea according to the opposite order: at first, 
they conceive the volume, then draw the character lines and only in the end care about 
details. Good design is achieved if all these elements are harmonic and consistent, while the 
stylistic choices within the three categories are related both to the current fashion and to 
the designer’s experience. For instance, nowadays stylists consider “modern” an object with 
quite a geometric shape, i.e. with curves and surfaces closer to the analytical ones. Each of 
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them has his/her own curves –those they like to use or respecting the directions of the 
company– and the ability consists in combining the different elements in order to create 
something new. 
The search for a specific character is normally obtained by sequentially modifying a neutral 
car according to the designer tastes and objectives. A neutral car is the vehicle in which all 
the characteristics are standard: height, proportions on the one hand, and usage of 
symmetry and curves without tension on the other one. The designer usually focuses on 
some typical entities and  moves them away from the average. In the next, there follows a 
description of such entities and some results of their manipulation. Since subjectivity is 
impossible to be ignored in this framework, it is clear that only samples can be given and 
different approaches can be followed to attain a car with the same character. The expressed 
arguments and shown sketches come from discussions with stylists of Pininfarina Ricerca e 
Sviluppo s.p.a. in the frame of FIORES II project [FIO-II, CaFa 01]. 
Stylists normally think of a car as a volume; therefore all the curves created are aimed at 
defining a specific volume which is rendered in a second time, adding lights and shades, 
enforcing the curvature effects, and so on.  For example, a family car is characterised by a 
big volume, while making a car sportier implies reducing the mass (Figure 4). 
Figure 4. Volumes of different cars  
The size of the wheels is usually the unit of measure of volumes. Wheels are the first entity 
designers draw and they build the whole car around them. The length between the wheels 
(wheelbase) can be measured in terms of the number of wheels contained and the type of 
the car is given by the ratio between the height of the car and the diameter of the wheel: if 
the ratio is greater than one, the car is an estate one; if it is less, the car becomes sporty 
(Figure 5). 
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Figure 5. Car type with respect to size of the wheels 
The same car even changes its own character modifying the size of the wheels. In Figure 
6(a), Audi A2 is shown. It can be noticed that the diameter of the wheel is emphasised by 
the opening fillet and the consequent proportions make the car looking compact. If the 
wheels were smaller, the Audi would appear heavy rather than compact (Figure 6(b)). 
Figure 6. (a) Original Audi A2; (b) Audi A2 with different wheels 
Another attribute that people consider fundamental for this kind of product is stability, 
also if the car is sporty. Such a character may also be estimated by the wheels; for example, 
the closeness of the body side section to the wheels gives more stability; a protruding 
sideline would make the car instable. However, the characterisation could be better 
obtained by the volume produced in relation with the corresponding section line (Figure 7). 
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Figure 7. Protruding and closing body side section 
To give stability it is also possible to act on the position of the line defining the roof with 
respect to the wheels: it is best achieved if the curve is symmetric and central between the 
wheels. If the same symmetric curve is located in the back, the car immediately gains 
dynamism because a displacement of the mass centre occurs (Figure 8). 
Figure 8. Symmetry and asymmetry of the roof line 
Once defined the volume, feature lines –constituting the treatment- are drawn. In general, 
they divide the boundary areas (e.g. change of materials) or stress curvature variations (e.g. 
edges). The most important line characterising a car in the profile view is the roof line; the 
waist (or belt) line and the front and rear panel overhangs follow in order of importance 
(Figure 9). By definition, the waist line is the line dividing the side windows and the body 
side, while the overhang is the distance between the front (rear) part of the car and the 
centre of the wheel. In practice, it is not exactly the waist line considered for an aesthetic 
evaluation, but a curve (an accent line) just below, which not necessarily is a real line. It is a 
common habit among stylists to judge the surface fairness through the reflections of a light 
beam on the body. The accent line can be just a light line, a curve only perceived when 
light is reflected. 
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Figure 9. Character lines in a car 
Asymmetry gives character to curves; as mentioned above regarding stability, it is not 
mandatory the curve is asymmetric, it can be enough if its position is. Another element 
applied to curves is tension. If the fundamental lines have tension, the car is seen as stable. 
On the other hand, wet curves, i.e. curves with inflection points, make the car friendlier. 
Also a sporty car can present the waist line with inflection points, but the roof line needs 
tension in order to balance the effect (Figure 10). Obviously a line cannot have too much 
changes of direction because otherwise it becomes confusing. Alternatively, the stylist can 
decide to build quite neutral lines, but give character only to shadow lines at the waist. 
Figure 10. Wet belt line 
As already said, how to act on the single lines is a choice of the designer as well as how to 
harmonise them. He often has a limited set of curves that he is used to employing and to 
giving his own aesthetic value: each drawing is the result of a different combination of the 
same entities. Personal tastes have then to marry up with the identity of the company. 
Some characterisations are interpreted in a standard way by designers: the agreement is due 
to a common background, more related to the experience developed working in the same 
environment than to the basic knowledge of the specific field of the conceptual design.  
1.3 The industrial design process 
Industrial design includes the specification of all those products that are somehow subject 
to visual judgment and appreciation. It ranges from transport vehicles, not only cars but 
also boats, buses, trains, etc., to home appliances, furniture, cosmetic containers and 
thousands of other objects that we deal with in our daily life. Therefore, it is not surprising 
that the industrial design process is not unique and may vary deeply from company to 
company, depending on several factors such as the complexity of the product to be 
designed, the available financial resources, the equipment used, the team of specialists 
 
Roof line 
Waist line 
Wheelbase 
Accent line
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involved and so on. For simple manufactured objects a single designer can represent the 
design team, but for composite products a team of specialists is usually required. In the 
latter case, interaction with the engineering team, which is in charge of guaranteeing the 
fulfilment of planned functionality and performances together with product feasibility, is 
much more complex. It is clear that the more complex a product is technologically, the 
more problems arise when the stylist's idea is coupled with engineering and ergonomic 
constraints. In the following sections, a general design workflow of the car industry is 
shown, pointing out how it differs from other productions and presenting an overview of 
critical open issues. 
 
1.3.1 Car styling 
Being a high technology product, the design of cars is one of the most complex. The 
development of a new car is a long process and may possibly take years: from 4 months for 
a concept car up and running, fully digitally developed at Mitsubishi (Super Sports Utility) 
[Mol 99], to 2 years or more for cars to be put on the market [Row 98]. Such long periods 
are due to the number of aspects to consider, ranging from security to aerodynamics, from 
ergonomic to production and maintenance costs, and so on. Taking all these requirements 
into account implies changes in shape and material, which may affect the aesthetics, thus 
requiring a close collaboration between the design and the engineering teams. The 
complexity of the production workflow on the one hand and the investment capacity of 
the transport industry on the other resulted in car manufacturers being pioneers in 
adopting digital technologies in their production workflow. In Figure 11, a generalised 
workflow for car design is depicted. 
When the development of a new car starts, the designer receives a briefing, that is a 
document folder specifying the new product in terms of functionality, basic engineering 
and packaging constraints, performances, target customer, cost and quality, often compared 
to competitor products. The designer has to make a synthesis that integrates all aspects, or 
at least most of them; the priority given to each requirement depends on the company 
policy. In Figure 12., a set of requirements commonly considered is listed. 
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Figure 11. Car styling workflow  
Figure 12. Requirements and constraints commonly considered at early design stage 
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Several designers are very often asked to make proposals for the same product and start 
expressing their ideas by sketching some essential curves, considered an abstraction of the 
product model; these are not only structural lines, such as profiles, but also meaningful 
lines strongly affecting the product impression. These curves are usually referred to as 
character lines. During the early concept development, most designers still start sketching 
their ideas by hand. The use of digital drafting tools is still limited in this phase since most 
designers do not feel that the control of shape is as good as with the pencil yet. 
Nevertheless, some young designers, already accustomed to working with computers, are 
now adopting a mixed approach, which combines computer made sketching and hand 
made detail specification and colouring. 
In the early concept design phase changes occur frequently and fast, since synthesis among 
the stylist’s idea and the engineering and ergonomic constraints is often not immediate. At 
the end of this process, designers present their ideas in the form of hand-made sketches 
(Figure 13) and/or digital drawings and often also rough foam prototypes. Few, possibly 
one, proposal are selected to be further refined, with the addition of new specifications for 
the stylists. 
 
Figure 13. Sketches of the interior of a car (by courtesy of Pininfarina Ricerca e Sviluppo) 
At this point, the creation of the 3D digital model starts. Typically, the selected hand-made 
sketches are scanned and converted into a digital format, and then used as a framework on 
which to build up, step by step, the different surfaces. The person in charge of creating the 
digital model is not usually the designer, but an expert in the Computer Aided Styling 
(CAS) tool, i.e. the surfacer. Very often this person is also familiar with physical modelling, 
e.g. clay modelling [Yam 97, INS, WaKa 95] since this skill is valuable for the sketch 
interpretation. His/her main task is to create a precise mathematical model corresponding 
to the drawn object as much as possible. The 3D model is normally created starting from 
those 2D curves used by the designer in the early conceptual phase and corresponding to 
the profiles and character lines. This is often not an easy task, since some characteristic 
elements are exaggerated in the sketch to enforce the desired effect. Therefore, during this 
activity, the stylists’ help is required to perform the right shape adjustments. Good curves at 
this stage prevent cumbersome successive surface modifications. At this aim various 
analysis techniques, as for instance the radius of curvature display and profile compression, 
are applied to curves mainly to discover rapid curvature variations and hidden inflection 
points. The choice of the analysis tool depends on the designer taste and habit. Figure 14, 
an example of profile compression useful to ensure the absence of undesired inflection 
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points is shown. Even if a curve is generally considered good if its curvature is smoothly 
continuous, i.e. no rapid changes in the radius value and sign, there are not a priori criteria 
on the acceptability of the curve. It is up to the user experience to evaluate the 
conformance of the curvature behaviour with the desired results. 
Figure 14. An example of profile compression to detect possible curves defects  
Once the overall shape of a car has been defined, the designer adds more details in order to 
characterise the product from both the functional and the aesthetic point of view. This can 
be done by either working on a physical model, or using digital tools (3D CAS modelling). 
Often a combination of the two methods is adopted. Traditionally, the transition from the 
preliminary sketches to the detailed surface model has been characterised by an alternation 
of working on the physical and digital models. 3D surfaces are built starting from rough 
digital data, or from a physical model and then refined through successive phases of 
visualisation, physical model creation, manual modification and reconstruction of surfaces 
until the model is approved (styling freeze). In the past decade, the trend has been to 
reduce as much as possible the number of physical prototypes because of their cost. This 
has been possible because the adoption of Computer-Aided-Design tools at an early 
process stage allows a designer to test different alternatives and provides input for various 
digital analysis tools, such as those performing preliminary aerodynamics tests. They 
include some aesthetic tests involving surface curvature and behaviour of the light 
reflection over the surface. In fact, in the automobile field the quality of surfaces is very 
important and is mainly linked to continuity and curvature conditions. Good quality 
surfaces are normally referred to as class A surfaces. The traditional way stylists check the 
quality of surfaces is to expose a film-coated clay model to rows and rows of neon lights. 
In this way, they can inspect the whole car body in close detail, verifying if the reflections 
are good [Pat 99]. The progresses made in the latest years allow a stylist to evaluate 
curvature and light lines (i.e. the lines depicted on the surfaces from the light) directly on 
the digital model [Hig 90, Hag et al 95,HoKa 96, NoKa 98, SaKo 97, WoFa 97]. In Figure 
15, some curvature and light refection visualisation are shown.  
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Figure 15. Curvature analysis (Gaussian and radius of curvature for a given section) and 
shadow lines visualisation on a digital model of a car rear (by courtesy of Saab) 
Despite all the available tools, a full size physical prototype still seems unavoidable for a 
final aesthetic validation of a shape in its real dimension (proportions need to be judged in 
full size scale), and for a tactile evaluation of its surfaces. Modifications are quite often 
necessary on the physical prototype: this produces a mismatch between the digital and the 
physical models, thus requiring a reconstruction of a new 3D model in the CAD 
environment, in general by means of Reverse Engineering (RE) techniques. 
Once the model is frozen from the styling point of view, it has to be processed by CAD 
engineers to perform the necessary evaluations and to specify the internal functional 
components, e.g. engine and the like. Very frequently the model is re-created to provide 
high-quality CAD surfaces that are used for the next phases of the production chain. Also 
at this stage it is quite common to have interplay between the CAD and the styling 
departments. When some engineering requirement is not fulfilled, significant changes in the 
product shape may be called for. Modifications arising at this process stage are made 
directly on the CAD model, working in close connection with the stylist, as it is of primary 
importance to not alter the original character of the product as it was designed. To reduce 
time to market, when possible, the engineering design starts before the CAS modelling is 
completed in all its details. It generally depends on the workload of the different 
departments and on the planned delivery schedule. Therefore, these activities very often 
run in parallel. In these cases, the required styling modifications due to engineering 
constraints can be done in the CAS or in the CAD environment, depending on the 
development stage: if the CAS model is almost finished when a change is required, often 
the CAD model is modified. 
Summarising, the industrial design workflow for car styling includes three phases of 
modelling: concept, digital and physical, which are not strictly sequential but are often 
intertwined with numerous feedback sessions and redesign processes. 
 
1.3.2 The styling process in other fields 
In the last 10 years a drastic reduction in the cost of digital tools has caused these facilities 
to become spread even in companies with limited financial resources.  
The design of cars is almost evolutionary, as it does not change radically from one model 
to the next [Tov 92]. For this reason design activities in this area are extremely specialised. 
If we consider other fields, the industrial design of goods presents major differences as the 
objects themselves may vary radically in both shape and functionality. For some products, 
e.g. refrigerators and washing machines, functionality and size constraints limit the freedom 
of shapes. In other cases, the creation of innovative and surprising shapes is the primary 
          Chapter 1  
 17
goal of designers, often hiding the functionality of the object itself; as an example, in Figure 
16, the famous lemon squeezer by Philippe Starck is shown. In this case, engineering 
activity may require an extra effort for the related evaluations and possibly higher costs of 
production.  
Figure 16. The lemon squeezer by Philippe Starck (by courtesy of Alessi) 
Therefore, it is not surprising that companies manufacturing products that are functionally 
similar may follow a completely different workflow, depending on various factors, such as 
the company size in terms of human resources or the allowable budget. For these reasons, 
it is hard to show a generalised workflow in fields that differ from the automotive one. 
Also in this case the industrial designer typically starts to sketch with paper and pencil. 
After this step there is a wide range of approaches available to perform the early concept 
specification and evaluation. Designers sometimes prefer to combine 2D digital drawing 
techniques with foam modelling since for specific products this can ensure the fastest 
results at affordable costs, while the introduction of 3D CAS/CAD systems in the early 
concept phase is considered too expensive [EvSa 99]. In other cases, after some hand made 
sketches the stylist starts to work directly with a 3D CAD tool. For example, if the target is 
the restyling of an already manufactured object with the requirement of keeping the 
internal mechanical parts unchanged, the designer modifies directly the 3D digital model, 
keeping into account the engineering constraints. 
Manual and rapid prototyping techniques are normally used when the dimension of the 
final product is small, while with larger dimensions a prototype becomes prohibitively 
expensive; the use of 3D modelling digital tools is preferred. With the sophisticated 
rendering capabilities offered by these tools it is possible to show different model 
alternatives also by quickly changing colours and textures. 
As opposed to the automotive industry, where various systems for styling and engineering 
activities are normally used, in other fields one single CAD system is adopted for the whole 
workflow depending on the product typology. When most of the styling activity is still 
done manually, integrating a CAS with a CAD system in the production workflow often 
implies higher costs than small companies can afford. In addition, CAD systems have to be 
always used in the engineering phase. 3D CAS tools, if used, are introduced at the end of 
the design refinement process to show different alternatives and to show and prove the 
final idea of the product.  
In several sectors, before starting mass production, products need to be thoroughly tested 
in all their functional and ergonomic aspects; thus few product samples are produced and 
tested in their target environment. Therefore, modifications may be sometimes necessary 
once the product development process is completed, thus requiring a possible loop back to 
the CAD model design. 
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In general, the higher the product technology is, the more complex its design workflow 
becomes, mainly due to the difficulty of integrating creative expressions with engineering 
requirements. Consequently, the drawbacks in the design process of high technology 
products are similar to those present in the car industry. 
 
1.3.3 The critical issues 
The introduction of digital tools in the styling workflow in the last twenty years has 
strongly reduced the number of physical prototypes necessary to come for design approval, 
thus significantly shortening development time and costs. Nevertheless, some critical issues 
have to be faced and overcome to move towards an ideal optimised digital design process, 
in which the original design intent is preserved throughout all the process phases. Limits 
contrasting such an efficient and integrated design activity are present both in the systems 
used in each single workflow phase and in their integration. 
The first limit is that most of the creative activity is still weakly supported by computer-
aided tools in current practice. On the one hand, designers like drawing in the traditional 
way and see the computer in this phase as an obstacle to their creativity; on the other hand, 
it is very difficult to capture the subjectivity and the vagueness of the design in a CAD 
system. Moreover, the lack of a real integration between the 2D sketch and the 
corresponding 3D model does not encourage the exploitation of digital tools. 
The unnatural interaction with the tool is a limit felt also when stylists create the 3D style 
model. Often the available tools for model creation and manipulation restrict the way in 
which a shape can be modelled; they often have to concentrate too much on how to use 
the system itself to obtain what they have in mind. To make the modelling process more 
intuitive, the interaction should be performed through a direct control over the three-
dimensional space in the same way a pencil dominates the two-dimensional space. In fact, 
an easy interaction requires functionalities simulating the traditional method of stylists’ 
work. The current limitations are mainly due to the fact that the modelling activity is mostly 
based on low level geometric elements: this implies that to know which elements have to 
be changed and how to obtain the desired surface modifications, a complete understanding 
of the underlying mathematical representation is required. 
In car design, a key issue is to improve the integration between the styling systems and the 
CAD/CAM tools. Since a physical prototype is normally built from a CAS model, it is 
evident that, if it is manually modified the surface reconstruction becomes unavoidable. 
The reconstructed surfaces through RE techniques can be used only as a basis for 
redesigning a part because of the low quality of the recovered information, thus causing a 
hard and time-consuming activity to overcome those limits. 
However, also when the CAS model exactly corresponds to the accepted style, problems 
still arise when it is transferred to the CAD environment. Many of these problems are due 
to the numerous continuity gaps between surface patches: even if the initial model is 
correct, once transferred to the new system, gaps may result because of a difference in the 
working tolerance of the two systems. In this case, the only solution is often to rebuild the 
CAD model. Currently, there are many commercial CAS systems allowing the user to 
specify to which CAD system the surfaces have to be transferred in order to automatically 
set the best working tolerance for it. This avoids accuracy problems once the model is 
imported into a different system. Most CAS/CAD systems are supported in their data 
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exchange process by healing technologies able to detect problems and repair files to be 
exchanged with a sensible enhancement of the success rate.  
In any case, even if big steps forward have been achieved by CAS/CAD developers to 
solve the accuracy issues, a crucial problem is still the users’ cultural component. It is a 
matter of fact that CAS is used by creative people who need as much freedom as possible 
in expressing what they have in mind, while CAD is used by engineers who need precise 
functionality to specify the exact position of the geometric elements. This gives rise to a 
model composed by surfaces that are not those required by the engineering for the 
successive manufacturing activities, e.g. long and narrow surfaces or fillets with unfeasible 
radius. Several software tools have been developed to identify critical situations and 
activities are carried out at an international level for specifying guidelines for CAD model 
quality [SASIG 01]. 
Last but not least, a typical problem for CAS designers is that systems do not often 
sufficiently support a fast generation of shape alternatives starting from already existing 
models; changing a small detail is sometimes really difficult and it can cost more than re-
creating the entire model. This is mainly due to the difficulty of hard-coding rules driving 
the propagation of local modifications to the rest of the desired model. Even history-based 
systems are still considered insufficient to effectively perform the modification, not only 
because it is almost impossible to specify rules but also because they are not able to deal 
with very common operations that lead to ambiguous situations.  
1.4 Trends for the improvement of styling product development 
From the critical issues outlined in the previous section, it comes out that product 
development can be improved both methodologically and technologically. From the 
methodological point of view, the Concurrent Engineering approach is getting more and 
more attention and many companies understood its potentiality and already started its 
adoption. From the technical point of view, emphasis should be placed on better 
integrating the various phases reducing the loss of information as much as possible. Finally, 
the introduction of tools more suitable for the mentality of creative users is one of the key 
factors in the innovation process of the aesthetic design. In particular, stylists express the 
desire to get rid of the constraints due the underlying mathematical representation when 
they create and modify the digital model. They would like to handle the model as a whole, 
being able to act on aesthetically meaningful curves and properties, while the surfaces are 
automatically updated accordingly and continuity conditions among different patches are 
automatically managed. To reach this ambitious goal involves research activities in different 
fields, from engineering and computer science to perceptual psychology; in fact, the 
definition of advanced modelling functionality able to act on aesthetic properties and not 
only on geometry requires the comprehension of the relationship between the product 
shape and its emotional character. 
Current trends in improving the tools can be distinguished in:  
• Defining new interaction methodologies and capabilities; 
• Creating modelling tools using semantic meaningful procedures;  
• Improving the underlying geometric representations and tools for better surface quality 
achievement. 
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In the following subsections some more details will be provided both on some 
methodological and technological trends. Section 1.4.1 will focus on Concurrent 
Engineering and Virtual Enterprise aspects. Concerning tool improvements, subsection 
1.4.2 describes some new interaction techniques for creating the 3D digital model. The 
development of more semantic tools linking geometric aspects with emotional shape 
perception is reported in subsection 1.4.3 and modifying the shape according some 
aesthetic properties is described in subsection 1.4.4. Finally, considerations on alternative 
geometric shape representations will be the subject of Chapter 3.  
 
1.4.1 Concurrent Engineering and Virtual Enterprise 
Concurrent Engineering (CE) is a design paradigm arose in the 1990s to reduce time-to-
market for product development. Starting from the consideration that the major fraction 
(up to 70%) of the total life cycle cost of a product is committed by decisions taken in the 
early stages of design [Pra et al 93], CE assumes an ideal environment, where engineers 
from different disciplines simultaneously work on the product design, in order to take the 
right decisions at the right moment. This requires the possibility of working with hard 
boiled data, modifying and adding details to the design, and also running application 
programs (e.g. stress analysis, cost analysis, process planning determination) in parallel. The 
possibility of providing data to the right expert in terms of entities that are meaningful for 
his/her specific context is crucial, in order to be faster in reacting and proposing the 
necessary modifications.  
It is possible to say that CE relays on five basic principles: teamwork, common goal, 
parallelism, integration and standardisation. These aspects involve not only technological 
supporting capabilities but also big changes in the overall organisation of work and in 
people mentality to enforce collaboration and communication among the various experts. 
This is even more evident and crucial when product development is carried out not in the 
same physical place, possibly by several companies. In fact, the advent of new technologies, 
which make possible the use of long distance collaboration facilities and the big changes in 
the companies have given rise to new challenges for new collaboration paradigms giving 
rise to the so called Virtual Enterprises. A VE is created to pursue a specific business 
objective in reaction to an external stimulus, taking the form of a new business opportunity 
which can be better exploited by more joined enterprises than by an individual firm, and 
lasts as long as this objective can be pursued [Wes 98, OhSa 98]. Depending on the size 
and expertise of the companies involved, different collaboration schemes can be adopted, 
ranging from a customer-client relationship to real co-design partnerships [GiMo 00]. What 
is common to both VE constituted by different SMEs (Small and Medium Enterprises) and 
by big associated companies is the necessity of collaboration during the design activity, 
which requires the capability of exchanging data and information, that is made difficult by 
the variety of IT tools internally available. Therefore, interoperability among systems and 
concepts is crucial. It is then clear that a stable and precise formalisation and representation 
of the design intent starting from the early phases can simplify and make more efficient the 
communication and hence all the process reducing the loss of information.  
 
1.4.2 New user interaction technologies 
As already outlined, most of the creative activity is still weakly supported by computer-
aided tools in current practice. This is due not only to cultural reasons, but also to the input 
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devices that are somehow too different from the traditional tools used by designers, such as 
clay or pen and paper. On the one hand, designers like drawing in the traditional way and 
see computers in this phase as an obstacle to their creativity; on the other hand, it is very 
difficult to capture the subjectivity and the vagueness of the design in a CAD system: the 
lack of a real integration between the 2D sketch and the correspondent 3D model does not 
encourage the exploitation of digital tools and this is the gist of the problem. 
Some branches of research have tried and are trying to fill the gap between conceptual 
design and CAD, suggesting new tools closer to the way stylists work: some of them fall 
within the hardware sphere, like data tablets or haptic devices and strips [Freedom©, 
Sensable©, Bal. et al. 99a]; others are included in the software area, simply adding new 
functionalities imitating traditional physical techniques (e.g. French curves [Sin 99]). 
In particular, data tablets try to reproduce the stylists’ habit to draw on sheets of paper, 
allowing displays to be placed flat on the desk or held in the hand. The first attempts in this 
direction were hardly considered because of the separation between the input tablet and the 
visualization of the results on the screen. But the research in the field went on and it is now 
possible to have computer pens with the same shape as the traditional ones and to draw 
directly on the display [Wacom©]. Some other studies are carried out in order to give also 
the possibility of the rotation of the tablet during the design, supporting the attitude of 
designers to rotate the drawing [Fit et al. 99]. 
As an example, in [Bal. et al. 99b] a software prototype is described , which simulates the 
traditional tape drawing technique allowing the user to easily create large scale sketches 
defining them with the help of the hands in a way very similar to the one adopted in 
current practice. 
The deduction of a CAD model from a 2D sketch is a research area related both to solve 
the problem of a user-friendly tool and to preserve the design intent. While several 
activities have been carried out for simple shaped objects [Egg et al. 97, VaMa 00a, VaMa 
00b, VaMa 00c, Zel et al. 96, Qin et alt. 00], only few ones can be related to the styling 
activity. In this case, the core of the problem is the interpretation of the strokes of the 
sketch: the ambiguity is caused by the redundancy of lines just drawn for emphasising some 
effects, not for better specifying the geometry. In these cases, a system trying to interpret 
the drawings has to select the right elements, and consequently it can make mistakes. To 
overcome this, in the developed prototypes, the user may interact with the modeller and 
correct the wrong interpretation. However, the model created with these techniques is not 
an exact representation of the geometry, but just an approximation helping the first 
evaluation and a faster formulation of different ideas. 
In [Rot 00], the goal is to suggest a set of candidate curves starting from the hand-made 
scribbles; the hand-made sketch is scanned and the stylist organizes some of the points in 
guiding polygons in which fuzzy-splines will be defined by the system. The adopted fuzzy 
splines are a generalisation of B-spline and are useful to model uncertainty; in this case, 
they allow to represent the strokes of the sketch not with a single spline but by means of an 
array of curves representing the fuzzy contour of the object. The aim is to allow designers 
to digitise their first stylistic idea without specifying individual geometrical features. At the 
moment only a wireframe 2D model has been implemented. 
Differently from the previous approach, in all other cases the tablet is the device used for 
sketching and the 3D model is obtained in the end. [DiMa 97] incorporates a sketching 
module in a prototype surface modeller. The designer draws on a data tablet the profiles or 
the characteristic lines of the object. This results in a set of digitised points (the input 
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strokes are sampled) that are fitted with different spline curves, according to different 
interpretations. All the possible interpretations of the strokes are stored in a matrix. The 
system sorts the different choices and users can give their own sorting according to their 
way of sketching. The chosen curves, which can be modified by the user, are then 
interpolated to create surfaces among them.  
[Mit et al. 00] e [Iga et al. 99] propose two different prototypes, providing a triangulated 
model instead of spline surfaces. 
[Mit et al. 00]  describes 3D SKETCH: the user draws on a tablet and then core curves are 
extracted. As long as the scribble can satisfy predefined constraints  (e.g. mirror symmetry, 
planar back and bottom faces), the system reconstructs a mesh model by means of an edge 
graph of the core curves. After stating the spatial relationships between the 2D sketch and 
a three-dimensional object, the 3D curves and then the surfaces are generated. In the end 
Non-Photorealistic Rendering techniques produce a sketch-like model from 3D data. The 
approach seems effective: the only drawback is due to the fact that the imposed constraints 
are a bit restrictive at the moment and then this prototype works only with quite simple 
shapes. 
In [Iga et al. 99], another sketching interface, Teddy, is presented; the scribble is 
performed on a tablet where the stylist draws the contours and the characteristic lines of 
the object. The system generates first a 2D triangulation with the spine of the object, 
then gives volume with an extrusion operation and triangulates the created shape. The 
prototype supports some modelling operations (creation, painting, extrusion, cutting and 
smoothing) and constructs an approximate model, not suitable for careful editing. The 
main drawback is the possibility of dealing only with objects with a spherical topology. 
Similarly big attention is also paid to provide better analysis tools for reducing the number 
of physical prototypes needed. Currently, available CAS tools can simulate the "immersion" 
of the designed vehicle in a real environment, thus resembling the street effects. For a more 
realistic display of the result, big wall screens are available for full size visualization in 
which a lot of attributes can be changed in real time, such as lights, colours and angle of 
view; in this way, immediate important feedback is got, not only regarding how the model 
aesthetically looks in its real size, but also to discover possible interferences with the help 
of a digital mock-up. Immersive virtual reality tools are even more realistic: very powerful 
computers generate stereo images that can be viewed by special head-mounted displays or 
in specially equipped rooms. These tools allow a global interaction with the model at an 
increasing realistic rate. However, even if this technology is continuously improving, virtual 
reality systems and haptic devises aimed at providing the touching perception [Bor et al. 01] 
are still judged too costly and not realistic and accurate enough. 
 
1.4.3 Towards stylist-oriented modelling tools 
The formalisation of the links between a product shape characteristic and its emotional 
message could offer many advantages at different levels. First of all, a better understanding 
of human reactions may lead to an easier comprehension of market wishes and tastes. 
Following consolidated principles, companies are fully aware of the results their choices 
will produce. In this sense a proper formalization may support designers in achieving their 
goals faster and more effectively. 
Furthermore, the formalisation of these relations as items of knowledge to be processed by 
a computer system may allow the designers’ aesthetic intent to be communicated through 
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product shape and non-shape (e.g. colour and material) characteristics. Thus, it may 
improve the communication of the design intent among different teams, either among 
different departments in the same company (e.g. styling and engineering departments), or 
with external suppliers. In fact, this fragmentation of aesthetic design execution has 
potentially negative implications for the cohesiveness of the product image. Some 
suggestions have been proposed such as formalising brand identity, possibly by means of 
archetypes [SmWa 00], or associating terms to a specific character.  
In literature, results of experiments are shown about the possibility of categorising 
products in classes sharing some aesthetic character terminology [Bre et al. 99, Don 99, Ish 
et al. 97]. However, all these experiments are quite limited in terms of analysed objects and 
interviewed persons as well as in the results. No systematic and precise specification of a 
correspondence between product elements and emotional terms has ever been provided. 
Also the problem related to the use of terms has not been fully addressed. Terms have the 
disadvantage of being subject to personal interpretation, mainly depending on cultural 
environment and personal experience, thus an agreement on a common language has to be 
found. 
A formalisation processable by a computer program requires the identification of the direct 
relationships between the geometric elements of an object and its aesthetic characters. 
Ideally, the mapping specifies those values of shape characteristics and parameters that 
correspond to the design model conforming to the intention. Van Bremen and his 
colleagues at Delft University [Bre et al 98] provided some examples of possible, but not 
tested, associations between aesthetic and shape parameters without proving an effective 
feasibility of the mapping process. They conclude that such an association is rather difficult 
and it is not a simple mapping, since the same aesthetic parameters can be associated to 
different shape parameters. For this reason, it is not possible to give an absolute definition 
of an aesthetic character, but it is preferable to specify how to increase or decrease the  
already given characters of an object. In addition, it was shown that the choice of the 
aesthetic variable type depends on the product. Therefore, an effective system needs to 
incorporate subject dependency, possibly by introducing subject-specific relations or 
weighting functions.  
Still based on interviews, image databases for the specification of the relationships between 
product shapes and image words are built by Hsiao and his colleagues using the 
membership functions of a fuzzy set. Multidimensional perceptual space for the 
relationships between the abstract image words and the embodiment shape regulating rules 
are also constructed using the multidimensional scaling (MDS) method [HsHu 98] or by 
applying back-propagation neural networks [HsHu 02]. Based on such grouping, they have 
built a system for allowing users to modify a basic product shape according the wished 
character. To show the approach simple structures of cars and chairs are considered. A 
modified version of the system has been proposed to design LCD monitors, by applying a 
feature-based method to create the 3D CAD models of the basic shape, which are then 
changed according to the corresponding images morphing. To predict the images of the 
morphed shape a gray theory is applied. 
The FIORES-II project has also tackled the problem of developing modelling tools which 
help surfacers to easily attain a model with specific emotional characteristics according to the 
stylist’s intent. This has required the identification of a common language among the 
partners based on proper words and definitions used by designers in their daily activity, 
able to cover the description of aesthetic aspects beside the emotional reactions of a 
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generic observer. From the carried out analysis, it emerged that stylists use different 
languages when they speak with marketing people and when they work with surfacers at the 
definition of the 3D digital model [Poi 02]. In the first case, the product is described in 
terms of its emotional character (e.g. dynamic, aggressive,…), while during the creation and 
modification of the model stylists communicate how to achieve their aesthetic intent using 
a more detailed and restricted set of terms corresponding to shape properties. In this phase 
they provide instructions on which elements and properties have to be changed to enforce 
or change the character (e.g. making a curve a bit more accelerated, decreasing the tension of) to fulfil 
marketing directives [GiMo 02]. 
Hence, this latter set of terms represents the first link between low level CAGD 
descriptions and the high level character of a product. Finding the link between emotional 
character and geometric shape features has been faced as a two level mapping in the 
project: the first level links geometric properties with stylist terms, the second links these 
latest to the emotional character. To identify the second association, the learning 
capabilities of Case Based Reasoning techniques [Sta 01] has been used: in fact, they permit 
to deal with the necessary large amount of data, to ensure the flexibility of the association 
and to take into account the subject dependency. 
While the above described researches are more devoted to providing tools helpful for the 
overall product character manipulation, approaches based on the concept of features are 
also arising for more localised semantic shape manipulation. These methods will be broadly 
described in Chapter 2.  
 
1.4.4 Shape modification by target properties 
Especially in car industry, the surface quality is a very important task to achieve. Using 
smooth surfaces, i.e. continuous surfaces, does not guarantee their aesthetic quality. A 
surface can be smooth from a mathematical point of view, but it may still look unpleasant. 
For this reason, fairness is introduced, usually defined as low variation of curvature in 
comparison with continuity of curvature. An overview of methodologies in fairing and 
fairness evaluation is the result of a European network FAIRSHAPE, collected in two 
books [HoKa 96, NoKa 98]. 
Nice looking surfaces are strongly connected to the regular behaviour of light reflection 
over them. Therefore, stylists always face the problem of achieving a high quality surface 
with a desired light effect behaviour. The wished results are normally obtained through a 
trial-and-error approach which implies a loop of successive very small and localised 
modifications and evaluations, as the operators do not know exactly which sequence of 
operations achieves the goal. Since light effects can be mathematically represented by 
particular curves, defined by those surface points where surface normal and light direction 
meet in a defined way (see Figure 17), they can be used as an evaluation tool for the quality 
of the surface itself. An overview of characteristic curves helping to detect anomalous 
surface features can be found in [Hig 90], where a definition and a method to visualize 
different types of light and curvature lines are also provided. Extensions of these methods 
to polygonal meshes are reported in [Kob et al. 00]. 
 
          Chapter 1  
 25
Figure 17. Mathematical definition of the most common light lines 
Currently, commercial systems offer a wide range of methods for surface interrogation 
mainly based on light lines as well as on curvature, which is also strictly dependent on 
surface normal but not on its parameterisation. 
Several curvature indicators and evaluation methods have been proposed, [Hag et al. 95] 
computes curvature behaviour through focal surfaces, [WoFa 97] measures shape quality of 
curves by means of total curvature and [SaKo 97] introduces a non-uniform scaling in 
curvature plots to emphasize curvature errors. 
To avoid the previously described trial-and-error loops, several attempts have been made 
allowing the direct use of such property curves for guiding surface modification; this 
approach is also referred to as Engineering in Reverse (EiR). 
Since most shape properties are mathematically expressed through partial derivates, finding 
a surface with a specified property value calls for the solution of a partial differential 
equation (PDE) system. As it occurs in other areas of the design process, for instance in 
the mechanics of materials, equations are non-linear. The major differences with those 
systems in the computation of a solution are due to the required smoothness and to the 
existence of solutions. In fact, whilst the solutions of these equations are only C0, normally 
the resulting surface is required to have a higher degree of continuity. Moreover, it is not 
always possible to find a surface satisfying all the constraints and properties specified by the 
user. 
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Therefore, one of the key issues in the development of EiR tools is the specification of 
methods for guaranteeing a solution. An effort to understand the solvability conditions for 
surface modification through isophotes has been described by Andersson in [And 96]. 
Different approaches have been suggested to overcome this problem. They can be divided 
into methods devised to obtain a system simpler to solve, and methods approximating the 
solution by variational approaches. Chen and his colleagues [Che et al. 97] and Zhang and 
Cheng [ZhCh 98] follow the first approach modifying NURBS surfaces by means of 
highlights. 
They first express highlights numerically through algorithms representing them as ordered 
sequences of points. They are properly sampled and thus can be the modifiable points. 
They find an explicit relationship between these reference points and NURBS control 
vertices. The inverse problem (a non-linear system) is solved through linearisation by a 
first–order Taylor expansion and this choice causes the approximation of the new surface: 
the quality of the change depends on the extent of the highlight line modification and the 
curvature of the surface. 
Zhang and Cheng propose a method to just remove local irregularities of a NURBS surface 
by smoothing highlight lines, following an approach very close to that of the previous 
work. The user can improve the quality of a surface by simply choosing the endpoints of 
an unsatisfactory portion of the highlight. This area is automatically substituted by a 
smooth cubic Hermite curve. A linear system is then solved and the new control points of 
the surface are calculated. The method can be applied only to local irregularities not to 
more extended areas and it does not work well if the abnormal area is located on the 
boundary of a NURBS patch. 
Loos and his colleagues face the problem through a variational approach: they define a 
proper error functional, which measures how accurately a set of light lines (isophote or 
reflection line pattern) is approximated [Loo et al. 99]. The error functional is related to the 
gradient of the light intensity and approximated by a Taylor expansion. Minimizing by 
standard numerical techniques, a smoothed reflection line pattern is achieved and then the 
algorithm computes the surface which approximates the new reflection lines. The fairing 
procedure is applied to the light lines and then the surface is adapted to the resulting 
smooth lines. Since the final B-spline model is not exact, it is possible to take into account 
arbitrary linear constraints and to change the surface locally. 
Within the project FIORES [FIO] three methods for surface modification through shadow 
lines have been developed, covering both the general approaches above described. The first 
method has the advantage of exactly delivering the desired result but it can be applied only 
to a single surface. The user changes the shadow line interactively using Bezier curves and 
the system creates the modified surface, numerically solving a PDE system and using the 
method of characteristics, which gives a set of curves smoothly interpolated. The other two 
methods allow the modification of an arbitrary surface region with specified continuity 
constraints along the border region. The second method applies a surface deformation 
function, calculated as the solution of a PDE system, which minimises an energy-like 
criterion. The third method, instead of considering the defined constraints, evaluates the 
best solution, i.e. the solution that following a curve similarity criterion is as close as 
possible to the desired target. The aim is to reach a result which - despite possible different 
appearances - is similar to the target one. In Figure 18, an example of a shadow line 
modification is shown. 
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Figure 18. Specification of the target highlight (red) for correcting the wrong one (orange) 
and the final result (cyan) 
1.5 Discussion 
The goal of this chapter is to discuss the key issues in the computer-aided surface 
modelling tools used in the industrial aesthetic design workflow and to highlight the 
problems that still make styling activities difficult. Despite the progress achieved in the last 
years working with the help of computer-aided tools, there is still room for improving the 
quality of the design cycle. In fact, even now some problems related to the creation of the 
surface model and its transfer to engineering and manufacturing phases still exist. In this 
perspective, the most critical issues are related to the weakness in supporting all the 
involved activities in the user-friendliest manner, and to the loss of information among the 
different phases. In particular, stylists express their desire to work on surfaces in a more 
natural way without needing to concentrate on how to manage continuity conditions and 
behaviour among different patches when modifications occur. They would like to handle 
the model as a whole, being able to act on aesthetically meaningful curves and properties 
while the surfaces are automatically updated accordingly. This can be obtained both by 
changing the underlying geometric representation and by developing modelling methods 
and tools closer to the creative user's mentality. 
In Chapter 2, feature-based methodology has been proposed to fulfil the latter 
requirement, while Chapter 3 will introduce a new geometric approach.  
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Chapter 2 
Modelling by features 
Nowadays feature-based models are well-known and widely adopted, especially in 
mechanical product development. A general overview of the motivations behind the 
introduction of the feature concept is given; fundamentals and properties according 
to the application context are described. In the perspective of an integrated product 
development process, multi-view modelling issues are sketched. Then, the 
attention focuses on the free-form modelling context, where a possible 
classification of free-form features has been conceived, distinguishing between 
structural and detail features.  
Some considerations and suggestions are finally provided for the development of a 
design by feature system in the free form context. 
2.1 Motivations 
Historically, features have been introduced as a way to capture knowledge useful for 
reasoning about a product [Cug et al 92]. In fact, even if the introduction of solid 
modelling represented a significant improvement in supporting design activity, it was not 
expressive enough for reasoning in functional terms and for automatically driving 
production activities. In fact, geometry by itself does not preserve the design intent, and the 
evaluation of the effects of a design change on the whole life-cycle is time-consuming and 
complex [BoGi 01]. 
In early 1980s, consolidated CAD (Computer-Aided Design) and CAM (Computer-Aided 
Manufacturing) systems became available. They were very powerful but unable to 
communicate with each other, since the type of data represented by CAD modellers was 
completely unrelated to those used by CAM systems. The reason was that only descriptive 
information (geometric and topological data) was treated in CAD, while CAM demands 
more qualitative information that can be related to manufacturing activities. Similar 
problems arose in automating other phases such as assembling. Creating a link between 
design and production activities became a topic of research studies, and all of these agreed 
on the fact that more suitable descriptions can be obtained by using the so-called features.  
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In addition, CAD users had to adapt their natural way of thinking to the modelling 
elements provided by the system, usually simple volumetric primitives, like cylinders, 
blocks. Thus, creation and reuse of the geometry to define alternatives –as frequently 
occurs in design- were quite unintuitive and tedious, implying costly and frequent 
repetitions of operation sequences.  
As a consequence, some research activities started to investigate the possibility of 
introducing the Form Feature concept in the CAD environment. Most of them were 
devoted to recognise features from CAD models, B-Rep [Kyp 80, Hen 84, FaGi 89] or 
CSG representations [LeFu 87, VaRe 93], others investigated the possibility to define 
features a priori (Design by Features) [WiPr 88, Dix et al. 90]. For some years such 
researches were developed independently, by different research groups sometimes in 
conflict over the advantages of one approach with respect to the other.   
A key benefit of features is that they can provide an additional layer of information to 
increase the efficiency in CAD design and the integration among the different stages. In 
fact, enriching geometric data with a semantics improves the creation, the manipulation 
and the reuse of the model itself. Moreover, it permits to reduce the data deluge and to 
make the storage and retrieval of information or models faster. 
Nowadays commercial CAD systems use the feature based approach, at least at some 
extent. They are mainly concerned about providing user interface functionalities to instance 
form features, and often they are just procedural macros, which group the sequence of 
operations necessary to define a feature. Some commercial systems have also included 
feature recognition capabilities for geometry reuse and communication in distributed 
design or for process planning creation. Moreover, efforts are currently done in developing 
a standard for feature data exchange [ISO 99, ISO 03]. 
2.2 Fundamentals and properties 
The term feature is very general and may indicate any characteristic of a phenomenon or of 
an object. From this generic definition, more specific types of features can been devised. 
Form features are portions of nominal (i.e. idealised) geometry; tolerance features represent 
deviations from nominal form, size, location; assembly features define assembly relations, like 
mating conditions, various kinds of fits, kinematic relations; functional features are related to 
specific functions, like performance; finally, material features correspond to material 
composition, treatment conditions, and so on. The first three categories are strictly related 
to the geometry of the part, and therefore are called geometric features.  In this work, the focus 
is on form features. 
In literature, many definitions of form features have been given, according to the 
considered context. The most commonly accepted is a set of geometric elements with a functional 
meaning. This is an elastic definition, which can be stretched to accommodate a variety of 
different viewpoints. It is clear that the set of geometric elements grouped to form a 
feature may deeply vary depending on the functional meaning associated. For instance, in 
manufacturing features directly correspond to a particular manufacturing method or 
process, or can be used to reason about suitable manufacturing methods and processes to 
create the geometry. Typical features here are holes, slots, pockets (considered as 
volumetric entities); in assembly planning they can also be mechanical joints. In process 
planning, a feature may be a specific configuration formed on the surfaces, edges or 
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corners of a workpiece intended to modify outward appearances or to aid in achieving a 
given function; it may also be a geometric form or entity whose presence or dimensions are 
relevant to one or more CIM operation [Sha et al 88]. In design, that is our application 
field, features may correspond to collection of faces in a boundary solid model or to steps 
in a CSG modelling sequence, more generally, to a geometric form or entity whose 
availability facilitates the design process.  
Conversely, considering different applications, different functionality may be associated to 
the same shape pattern. A trough hole is a typical example of shape of interest for several 
contexts, but with different functionality associated. Thus, a non threaded hole in design 
can be used to provide material with the possibility of going through the object. The same 
through hole in machining can be linked to a particular drilling operation, while for 
assembling purposes it can correspond to a fixing operation. It must be noted that not only 
the shape addresses a specific function, but also the dimension and the location in the 
object contribute to determine the feature meaning within the object. 
In Figure 1, examples of multiple interpretation of the same object are shown. 
Figure 1. Different views of the same object [Ovk 96] 
A feature can be seen as a group of elements that conforms to a preconceived pattern or 
prototype and is controllable by means of a limited number of significant parameters; it 
must have a predictable shape and be meaningful only when related to other parts. 
Therefore, a feature may be considered as an association of one entity (secondary) to 
another entity (primary), or an operation on an entity. The resulting effect is either adding 
some functionality to the primary part, changing and altering its shape or adding a 
characteristic. In this sense, the concept of feature is not self-content from the semantic 
point of view, but always needs a reference part to be fully defined.  
The definition of features includes the concept of clustering and classification of the 
geometric elements constituting the feature shape, where clustering is not driven only by 
morphological rules but also by context dependent controls.  
Thus, it is possible to say that [ShMa 95]: 
Definition 2.1. A feature has to  
• Be a physical constituent of a part; 
• Be mappable to a generic shape; 
• Have engineering significance; 
• Have predictable properties. 
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Attributes can be added to features or to a collection of features, storing characteristics of 
the feature or relationships among features. For instance, part attributes can be material 
specifications, administrative data; feature attributes can be position, orientation, 
dimensions, tolerances; feature-feature relation attributes may include relative positions, 
geometric constraints, compatibility. 
A form feature is characterised by properties which permit the associability between entities 
in a product definition. Properties can be intrinsic to the feature if they specify relationships 
among elements constituting the feature itself, e.g. parallelism between feature faces, or 
extrinsic if they involve elements external to the features, e.g. relationships between the 
feature elements and those of the object in which it is inserted (e.g. the number of faces of 
an object to which the feature should be applied). At the operative level, form feature 
implementation provides construction operators that permit the insertion of shapes having 
a predictable behaviour and normally obtained by repetitive sequences of modelling steps 
with few meaningful parameters. In Figure 2, some types of form features, used in 
mechanical design application, are depicted.  
slot
hole
boss
 
Figure 2- Some mechanical form features 
Being a form feature related to geometry, its shape may be expressed in terms of dimension 
parameters and enumeration of geometric and topological constituent entities, or 
construction steps needed to produce the geometry of the feature, according to the 
underlying geometric representation. 
As already said, feature definition is strictly connected to the application context. Since the 
specific context here treated is the early phases of design where the shape of a product is 
conceived and designers use all their creativity to provide an eye-capturing product, 
features in this context correspond to a set of geometric element having an aesthetic 
importance.   
2.3 Multiple-view modelling 
To implement agile manufacturing, i.e. fast and flexible manufacturing, it was –and it is- 
essential to integrate design, planning and manufacturing functions and this task implies 
that a sufficiently complete information of all aspects of products, production processes 
and operations has to be provided. But different phases require different digital models 
since they have different goals; hence, as described in the previous Section, the information 
needed in one is unsuitable for another one. Nowadays the communication between the 
development stages is even more crucial issue due to the advent of concurrent engineering 
methodologies. Features may also represent a good mean for providing context dependent 
descriptions as required in CE, where a context dependent design by feature approach 
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could represent a convenient way for the involved experts to suggest modifications and 
analyse alternatives. To be really efficient, tools for converting information from one 
context to the others and to manage synchronisation aspects are necessary in order to 
guarantee consistency among the different views, thus ensuring that all the experts are 
working with the most recent data [DeM et al. 94, DeK et al. 95, DeGi 98, Bro et al. 01].   
In the transfer of product information among different domains, it is therefore necessary 
to transform the model from one point of view to another: this procedure is called feature 
mapping or conversion and consists in recognising one set of feature from another one. It 
should be noticed that the comparison is between high-level entities and geometry is not 
conceptually involved. But this kind of operation is very difficult to perform and no generic 
solutions have been developed, neither in the mechanical case.  
Except the trivial case where overlapping regions correspond to features sharing the same 
semantics (e.g. a through hole for machining and for a sheet metal part), it can happen that: 
• the semantics is different: a feature in a context can have no meaning at all in 
another; 
• features have different dimension (e.g. a 2D layout drawing for a printed circuit 
board against a 3D composite object for the packaging); 
• features are composed by the same elements, but grouped differently, as in the 
classical example of two ribs on a workpiece versus a slot that can be milled out 
from a workpiece (see Figure 3). 
Figure 3. Two ribs vs. one slot 
Theoretically, the mapping function should be identified and this can be of different type 
[Sha 88]. If there is a correspondence between the features in the two environments, a 
simple one-to-one mapping is sufficient to solve the problem. Relatively simple is also the 
case that the features correspond but have different parameterisation and location: since 
shape, size and position are stored in a feature model, only a reparameterisation and a new 
evaluation are needed. A similar technique can be considered if several feature are 
combined into one; conversely, if semantically different features are all mapped in a single 
abstract entity, a projection mapping can be used. The most complex case is the most 
general one, where features are broken down into their constituting entities and regrouped 
according new features. Here nothing inherent in the model can be extracted in the other 
context, thus some reasoning on the constituting geometry is required.  
There are some techniques to explicit a proper mapping between design features to 
manufacturing features, such as using heuristics or intermediate level structures; an 
RIBS 
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overview can be found in [ShMa 95]. These systems only handle regular-shaped features, 
while the conversion issue has not been faced in free-form modelling yet, where no results 
are achieved. 
2.4 Free-form context 
The benefit of introducing features in conceptual and detailed free-form design has been 
recognised [Kra et al. 96]; in fact, it would offer the same advantages of efficiency and 
structured information, contributing to preserve the original design intent during the whole 
product development process. To introduce a meaningful feature-based approach, useful 
high-level entities in the considered context have to be identified and associated to 
geometric data and modelling constraints. In this way, the geometry can consistently 
change with a design change and constitutes a basis for linking the design rationale to the 
model. 
Differently from the mechanical environment, in free form modelling the association 
between shape and function can be hard due to the freedom of the possible defined shapes 
and alternatives. Much more difficult is defining a set of features which both significantly 
supports the modelling phase and is not too wide. In the mechanical domain, geometry is 
described by analytic surfaces and shapes are usually canonical, thus easily classifiable. On 
the contrary, the extension of the feature concept in the free-form domain implies dealing 
with very complex shapes: from the geometric point of view, it requires more adequate 
representations, such as NURBS (Non-Uniform Rational B-Splines).  
Thus, the feature taxonomies defined for mechanical CAD systems cannot fit directly the 
frame of free-form surface design. However, the adopted methodology may be recovered; 
so the steps to take are: 
• identifying a semantics and the geometric entities able to represent it; 
• formalising a classification of possible features and the relationships among them. 
Considering styling activities in particular, a sound definition of form features needs for the 
identification of parts of an object, whose function corresponds to an aesthetic meaning. It 
is important to highlight that subjectivity, culture and fashion make defining a semantics 
very hard. In the mechanical domain few numerical parameters are sufficient to instantiate 
a specific feature element; on the contrary, in free-form modelling parameters must be 
higher geometric level entities (curves, surfaces, continuity conditions, and so on) in order 
to allow for the feature shape specification. 
A general overview about free-form feature modelling and some issues still to address in 
the field can be found in [Ber et al. 02]. It has to be noticed that research community has 
been working on the topic, but exhaustive or general results have not been achieved yet.  
One of the first attempts in bringing the feature concept into the free form domain has 
been done by Cavendish and Marin [CaMa 92a, CaMa 92b]. They focused on functional 
surfaces -such as car inner panels- which are highly irregular and multi-featured features 
like pockets, channels ribs and beads, but with regular shapes. In their work, feature-based 
modelling is conceived as equivalent to the addition/subtraction of geometric surfaces 
to/from a primary surface. The approach allows surface features details to be designed 
using a minimal number of input specifications, which a product designer naturally uses to 
describe the geometry of a particular surface. Even if the approach is interesting, it is too 
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limited for aesthetic design, since it can hardly be integrated with surface geometric 
representations (B-splines).  
An extension has been presented in [ElVe 98] to deal with NURBS representations. In 
particular, they developed a method for the creation of general displacement features, in 
which the transition surface between the original unmodified surface and the displaced 
region is created in approximated terms. The method identifies at first possible situations 
that can originate local transition surface intersections and treats them in order to create 
non-intersecting surfaces. The biggest limit of their method is that it does not allow 
different displacement features to overlap on their transition geometry, since the degree of 
such overlapping features would become too high. In addition, the method provides a real 
time surface manipulation, thus it is suitable to the conceptual design phase, but not to the 
final product specification being unable to provide high quality surfaces. Furthermore, no 
mention on the possibility of defining features on different adjacent patches is done. The 
above work mainly focussed on how to produce and represent transition surfaces between 
two given ones, but in order to provide full feature-based functionality, the set of features 
has to be extended.   
An attempt to provide a taxonomy of interest for the free-form context has been made by 
Poldermann and Horváth [PoHo 96]. This classification is analogous to traditional 
taxonomies, but treating more complex shapes. Four major class are introduced: primary 
surface features define the  global shape of the product; the modifying surface features represent 
secondary features that modify the primary features; auxiliary features include some 
mechanical features, while transition features corresponds to blends. Another classification 
has been proposed by Fontana and some colleagues, who identified two categories of form 
features used in the different phases of computer-assisted styling activity: structural features 
and detail features [Fon et al. 00]. Such a classification conceived by the CNR IMATI-Ge 
group will be treated in Section 2.5 in more details. Referring to that, Vergeest et al. defined 
a parameter-based formalism: free-form features are formulated as a map from a parameter 
domain to a subset of the Euclidean space [Ver et al. 01]. To exemplify their formalism, 
they give the parameterisation of the ridge and hole features. Whilst being a valid attempt 
to address the problem, this approach still requires improvements to be applicable. The 
proposed parameterisation is thought for shape re-use as well: in fact, the aim is selecting 
and parameterising shapes from point clouds to be inserted in new design parts [Ver et al. 
00].  
This category of research activities represents a serious attempt to solve a very common 
problem in designing product families, where some elements have to be re-used in 
different products. The Alessi’s Baby bathroom caps family give an example of objects in 
which some key features, e.g. the hands, are repeated while adapted to the new surfaces, as 
illustrated in Figure 4. 
         Chapter 2 
 36
Figure 4. Alessi’s Baby bathroom caps family (courtesy of Alessi) 
However, such a kind of cut and paste operations is still difficult to be performed due to 
unsolved problems, such as the capability to parameterise generic shapes in such a way that 
designers can easily adapt them to the new configurations independently of the underlying 
surface shape. To overcome these limits, approaches applying wavelets and Fourier 
transforms have been proposed dealing with curves [Ama et al 04] and surfaces [Wan et al 
04] respectively. Limitations are more due to the low efficiency and to the fact that they 
cannot treat cases in which either the sample data set overlaps over itself or non-unique 
correspondence between the feature points and the target points exists.  
The problem of defining free-form features as parametric components has been analysed 
for specific objects, but it is difficult to extend them to general products. Some examples 
can be found in [AuYu 00, Vos 99, Gin 89, Mit et al 95a, Mit et al. 95b]. Au and Yuen 
[AuYu 00] propose a feature language grammar for object definition. Features in the object 
are constrained by a set of neighbouring features and their shape is defined by a set of 
characteristic points as parameters and a set of surfaces. The relations between the points 
and the surfaces, and the continuity constraints between the surfaces are also included in 
the vocabulary. Features vocabularies and grammar rules have to be defined by the user 
depending on the product. The method is exemplified in the context of mannequin 
modelling, by considering as features the functional components, i.e. neck, shoulder, and so 
on. 
Vosniakos [Vos 99] proposed a similar approach for a telephone handset. Studying product 
families, he found out the specific features -distinguished in touching, non-touching and 
blending- and categorised them by means of adjacency. Touching features exhibit position 
and slope continuity along edges of their constituent patches. Non-touching ones are 
joined through blending features, which are not fully predefined.  
The major limit of the last three works is the applicability only to product family 
components; in addition, such components have to be simple, i.e. represented by a low 
number of patches, with a very predictable shape and a low degree of continuity 
conditions. 
2.5 Taxonomy of aesthetic features 
As discussed in Chapter 1, stylists still use two-dimensional hand drawings to define and 
communicate their ideas despite the available computer-aided design tools. Free hand 
sketching represents a personal and immediate tool for thinking about and looking for 
suitable shapes; it describes the designer's geometric intentions, expressing the required 
stylistic basic forms and outlines, while implicitly satisfying the functional constraints. 
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Examining the designer activity, the CAS definition of a shape is performed according to 
the following steps:  
• Overall shape definition, giving the global product effect; 
• Definition of local details, providing the final complete product shape. 
In fact, when stylists create, they first sketches some significant lines, pointing out the 
character of the product; only in a second step, they inserts the details. The initial curves 
can be seen as a kind of abstraction of the product itself; in fact, just a few lines can be 
sufficient for experts to understand the product character or recognise the producer, see 
Figure 5. 
 
Figure 5. Sketch of a car with its most important lines expressing the character 
(courtesy of SAAB) 
In order to support the two phases of the CAS activity with a meaningful feature-based 
methodology, two classes of form features have been identified [Fon et al. 00, Cat et al. 00] 
in analogy with designers’ habits: 
• Structural features, representing the basic entities for the definition of the 
surfaces, strictly related to the aesthetic impact; 
• Detail features, applied on a surface in a secondary phase for adding aesthetic and 
functional details and for enforcing the visual effects of important shape elements. 
It is important to highlight that geometry supporting aesthetic design is given by 
mathematical surfaces that do not necessarily represent closed volumes. Thus, features in 
this context correspond to a sequence of modelling operations generating a deformation of 
a free-form surface. Therefore, the following taxonomy has been devised according to the 
shape modification produced.  
 
2.5.1 Structural Features  
Structural features are single or set of adjacent curves, which can be treated as a unique 
entity having a specific aesthetic meaning within the object. They are mainly used in the 
early design phase and allow for an easier modification of the whole product.  
Strongly connected to the aesthetics of an object, this kind of feature may be classified in 
contours and character lines, according to their nature:  
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• A Contour is one (a set of) curve obtained through the intersection of a plane with 
the object. For instance, in the case of car design, contours are sections and 
profiles, defined dissecting the model with vertical and horizontal planes.  
• Character lines are useful to give an evident sensation when looking at the object 
representation. 
They can also identify common aspects among products, like the designer signature (e.g. 
Pininfarina vs. Giugiaro) or the trademark (e.g. Alfa Romeo vs. Peugeot).  
All of them can be modified but never disappear because, in some sense, they represent the 
skeleton of the model. For this reason, it is important to preserve the relationships between 
structural features and derived surfaces, allowing for automatic surface modifications as 
soon as these curves change.  
It can be noticed that structural features include real and virtual curves; in particular, 
contours can be created together with the product computer model, while character lines 
are only perceived and related to geometric conditions of regularity of the surface (see 
Figure 6).  
Figure 6. Examples of character lines that can be obtained by using free-form features 
More precisely, we can single out these typologies of character lines: 
• Gaps among different surfaces, of the object obtained by positioning (moving) the 
components or cutting already created surfaces. In practice, this corresponds to a 
G-1 continuity at joints; 
• Curves bounding adjacent surfaces joined with G0 continuity (see Figure 7(a));  
• Curves guiding surfaces joined with G1 continuity or with a significant variation of 
curvature. Roughly speaking, they correspond to surface intrusions or extrusions 
having linear shape predominance (see Figure 7(b)). 
 
 
 (a)  (b) 
Figure 7. Character line with (a) G0 and (b) G1 continuity 
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An example of wide use of gaps is given by the so-called “edge-design” used for the Ford Ka 
(see Figure 8): the strong character is given by choosing different colours and materials at 
the junction among different components of the car.  
Figure 8. "Edge design" of Ford KA 
It should be noted that, depending on the considered context, character lines can be 
further classified according to their role within the product. As shown in Section 1.2, in the 
automotive field it is possible to provide a more semantic classification. Thus, character 
lines can be distinguished in, see Figure 9 in Chapter 1: 
• waist; 
• accent; 
• wheel base; 
• roof section; 
• front rear section; 
• back rear section; 
• generic. 
Generic character lines can also be inserted in a second modelling phase, for further 
aesthetic improvement of the surface; in this case, we must consider new tools for local 
surface modification. In particular, those corresponding to at least G1 configurations 
having a linear behaviour may take advantage of the details feature manipulators. 
 
2.5.2 Detail Features 
Detail features are entities added to the model possibly in correspondence to character 
lines and they complete the product specification. They are local modifications occurred on 
an existing free-form surface, which can be created using some deformation tools, possibly 
together with supplementary operations (like blending). Intuitively, the possible operations 
on a surface are: 
• adding a region; 
• substituting a region; 
• removing a region. 
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Figure 9. Different detail features: gaps, holes and an inlet 
The adopted detail feature classification tries to cover the last two cases. In Figure 9, few 
examples of the cases treated are shown. In fact, we consider as features belonging to the 
first category fillets and blends, well known and supported by commercial CAD and CAS 
systems. Features corresponding to substitution or removal of parts may be described by 
transformation criteria called characterisation laws; in particular, we have a: 
• deformation law, if no parts are removed; it can be seen as a mapping function from 
the primary surface, into the modified one;  
• elimination law, if parts are subtracted and it could correspond to a trim operation. 
A general deformation is given by a partition of the surface into regions, which can be 
modified only towards the same side with respect to the object. So it can be implemented 
as an extrusion or an intrusion, corresponding to the direction of the deformation, exterior or 
interior respectively. 
The proposed taxonomy of detail features is based on three aspects: 
• type of characterisation law (modelling classification); 
• position of the influence area (topological classification); 
• morphology of the resulting shape (morphologic classification). 
The modelling classification distinguishes between a deformation operation and an 
elimination operation. Formally, 
Definition 2.2. Given a primary surface S and a surface region A⊆S, each function δ: A→ℜ3 is a 
deformation law with influence area A, if a finite partition {Ah, h=1,2,…,n} of A exists such 
that δ|Ah=δh is an homeomorphism of Ah∀h=1,…,n. 
It is then possible to define a deformation feature as the resulting shape of the 
deformation: 
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Definition 2.3. Given a primary surface S and a deformation law δ: A→ℜ3, A⊆S, then the region , 
δ(A)= nh 1=U  δh(Ah) is called a δ free form feature (δ-FFF). 
The modified surface S’ obtained inserting a δ-FFF into S is such that S’=(δ-A)∪δ(A). The 
influence area A will be really modified by the insertion of the free form feature, except for 
a finite number of curves or isolated points at most, while its points remain fixed outside 
A. It can be composed of more patches and it can be open, closed or neither open nor 
closed in the induced topology over S from the Euclidean space ℜ3. Since a general 
deformation is a union of a finite number of homeomorphisms, the image is still a surface 
maintaining locally the topological properties of the primary surface thanks to the local 
homeomorphism, but not necessarily globally: possible breaks of continuity over some 
surface curves can occur, changing the topological type of connection. 
Definition 2.4. δ is an elastic deformation if it is a homeomorphism on A itself.  
If δ is elastic, topological properties are preserved globally too. In Figure 10, an example of 
extrusion.  
Figure 10. An example of δ-FFF 
Elimination features always involve the use of a trim operation. Depending on the finishing 
operations performed around the trimmed area, it is possible to define τ-FFF as follows. 
Definition 2.5. Given a primary surface S, a surface region A⊆S and a connected AT⊆A s.t. A is a 
surface neighbourhood of 
o
TA in S, then the transformation S- AT is said a cut, AT trimming area and 
the correspondent ∂AT trimming boundary. Moreover, if AT=A, the cut is called sharp cut; otherwise, 
given a deformation law δT:(A- AT)→ℜ3, the cut is said totally finished if ∂ AT ∩∂A=∅, and 
partially finished if ∂ AT ∩∂A≠∅. 
In Figure 11, examples of sharp, finished and partially finished cuts are shown. The 
complete theory about cuts can be found in [Fon et al. 00]. Since Chapter 4 and 5 will 
present two different approaches to insert free-form deformation feature on a surface, 
some more details related to δ-FFF will be given. 
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Figure 11. Examples of cuts 
The topological classification is related to the position of the influence area. According 
to the topological type of connection of a neighbourhood of the influence area in the 
induced topology over S, it is possible to distinguish three classes of possible deformations: 
Definition 2.6. A is said (a) border deformation, (b) internal deformation, (c) channel deformation if a 
surface neighbourhood JA ⊆S of A exists such that JA-A is (a) simply connected, (b) connected but not 
simply connected, (c) disconnected, respectively. Given a deformation law, the corresponding free-form feature 
is said (a) border feature, (b) internal feature, and (c) channel feature.  
This means that for an internal deformation the influence area does not intersect the 
surface boundary, differently from border deformations. Channels can be either internal or 
crossing the surface boundary. By indicating as island each possible connected component 
of (S-A) whose boundary is a closed curve internal to another closed curve of the influence 
boundary, a distinction among channels can be given according to the number of existing 
islands: 
Def. 2.7. A channel  δ-FFF giving raise to n islands, for n =0;1;2;…, is called a n-channel. 
In Figure 12, an internal, a border deformation and n-channels for n = 0,1,2 are shown. 
Note that a 0-channel always intersects the surface boundary.  
Figure 12. Topological types of deformation 
Once a top level topological classification of the possible deformation features is defined, it 
is then possible to further classify them according to the morphological aspect of the 
surface resulting from the deformation itself. Supposing the primary surface oriented, a 
deformation is an extrusion or an intrusion, if it has been directed towards the exterior (i.e. 
pointing in the direction of the normal) or the interior of the surface, respectively. Both for 
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pure extrusions and intrusions, the shape resulting from the deformation may preserve 
more or less the aspect of the original shape of the primary surface contained in the 
influence area.  
Broadly speaking, a deformation δ preserves a geometric property in A, when δ(A) still 
fulfils that property. The choice of which geometric properties describe better the shape 
essence results then of fundamental importance. Certainly, several choices can be done. 
The suggested one describes the morphological essence of the shape by means of the so-
called surface trichotomy, i.e. the maximal partition of a surface in concave, convex and saddle 
regions; it can be described in terms of the gaussian and mean curvature, used to decide 
whether a surface is locally convex, concave or a saddle, or degenerates into a flat type.  
A typical example of shape preserving deformation is given by modifications where a part 
is obtained by a rigid translation of a portion of the influence area along a fixed direction. 
In this case the deformation law δ is a well-known analytic function in that portion. Offset 
features are a subset of shape preserving features defined as 
Definition 2.8. A deformation δ with an influence area A⊆S is shape preserving over B⊆A⊆S, 
if δ is elastic over B and, given T={T1, T2,…Tn} the trichotomy of B, then the corresponding trichotomy of δ(T)={δ(T1), δ(T2),…, δ(Tn)}, such that: 
1 if Th is convex (concave, saddle, flat respectively), then δ(T) is convex (concave, saddle, flat 
respectively),∀h=1,2,…,n; 
2 ∂(Th)∩∂(Tk)≠∅ iff ∂(δ(Th))∩∂(δ(Tk))≠∅∀h,k=1,2,…n, h≠k. 
B is said shape preserving area and δ(B) is said shape preserving kernel. 
In the case of features not preserving the original surface shape (independent features), a 
further classification can be provided, leading to the definition of simple features from 
which it is possible to generate complex shapes by composition of several simple types. 
The definition of 'simplicity' chosen is related to oscillations. This means to relate in some 
way the concept of simplicity with an opportune notion of convexity/concavity over 
surfaces. The global definition given for shape preserving features is here substituted by the 
concept of concavity/convexity applied to surface sections, i.e. curves resulting from the 
intersection of the surface with opportune planes. In fact, styling activity is curve-driven: 
curves are characterising parameters of an aesthetic feature which may be used as handles 
to produce a deformation. 
The notion of directional convexity (concavity) presented below is weaker than traditional 
surface convexity, since the latter requires that all sections are convex (concave). Formally,  
Definition 2.9. Given a regular oriented surface S of class C2, a section γ⊂S is said convex 
(concave) profile of S if, ∀ P∈γ, curvature vector Pk  is a nonzero vector, discordant (concordant) with 
respect to the unit normal vector of S in P. 
Definition 2.10. Given a regular surface S, a curve γ⊂S, and fixed P∈γ the planar curve 
˜ γ = S ∩ π , where π is the normal plane at γ in P, is called cross-section of γ in P. 
Definition 2.11. Let S be a regular surface of class C2. Given a curve γ⊂S called directrix, S is said 
directionally convex (concave) with respect to γ if ∀ P∈γ the cross-section ˜ γ  of γ in P is composed of 
convex (concave) profiles with possible flat pieces. 
         Chapter 2 
 44
Definition 2.12. S is said directionally locally convex (concave) around the directrix γ if a surface 
neighbourhood Sγ⊆S of γ exists such that Sγ is directionally convex (concave). 
At this formal level, a curve is needed as a reference directrix for the final surface to be 
obtained. Considering directionally convex/concave parts of the shape of the δ-FFF 
around such directrix, significant regions of the influence area result then distinguished: 
Definition 2.13. Given S and A ⊆S, let γ be a curve (called leading line), such that γ⊂A. 
Considered a δ-FFF with influence area A, let be the curve γ’= δ(γ) (called target leading line) given as 
directrix curve of the surface δ(A). Then we define directional convexity area around γ the region 
ACV⊆A, containing γ, such that δ(ACV) is the maximal union of directionally convex parts of δ(A) 
around γ’. We define directional concavity area the region ACC⊆A such that δ(ACC) is the maximal union 
of directionally concave parts of δ(A) around γ’. 
Considering such a definition, a possible criterion for considering a local shape over a 
primary surface as `complex' is given by the simultaneous presence of directionally convex 
and concave connected parts in the influence area. The idea is that the larger the number of 
oscillations (or equivalently, inflexion points) of cross-sections with respect to the chosen 
target leading line is, the more complex the shape is. 
Definition 2.14. A δ-FFF with leading line γ, representing a pure elastic extrusion (intrusion 
respectively), is said simple around (or with respect to) γ if its directional convexity area (concavity area, 
respectively) around δ(γ) is a non-empty connected region having the same topological type of the influence 
area. Otherwise it is said compound around (or with respect to) δ(γ). 
In Figure 13 a diagram resuming the proposed taxonomy for detail features is shown. This 
classification is a preliminary activity done in order to specify features useable for creating 
complex shapes. At this aim, it is necessary to provide a precise definition of the 
deformation functions and elimination laws possibly through the use of a set of parameters 
meaningful for the user. 
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Figure 13.  Detail feature taxonomy 
2.6 Requirements for the specification of an effective FFF-based 
design system  
In this section requirements for the specification of a feature-based design system specific 
for the free form domain are discussed. A feature-based system should provide the 
capabilities for creating descriptions of a part by instantiating and editing the object 
features, while maintaining the consistency of the underlying geometric representation. 
Following what described in Section 2.2, the effective implementation of library of the 
styling features described above requires for each class of detail feature the specification 
and management of: 
• Defining parameters. They are not only numerical values, but also curves, surfaces, 
continuity conditions, and so on; they can be independent or derived, if they are 
explicitly given by the designer or automatically computed from the independent 
ones, respectively; 
• Location and orientation parameters. They permit to identify the position and extension 
of the influence area of the feature on the surface; 
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• A creation method. It corresponds to a sequence of predefined modelling operations 
which actually insert the feature on the surface (simple surface deformations, trims, 
fillets, and blends) according to the given parameters; 
• Attachment conditions. They specify how the modified region is joined to the rest of 
the surface  (i.e. Gi, i=-1, 0,1,2); 
• Constraints. Strongly dependent on the feature type, they indicate the limitations the 
parameters are subject to and are used by the validity conditions; 
• Validation procedures or rules. They may be related to size limits, shape, location and 
orientations, compatibility between the shape parameters and the continuity 
conditions (e.g. traversal profiles). 
As already mentioned, due to the impossibility of predicting all the possibly conceivable 
shapes, defining parameters must be geometric entities: mainly curves, but not only curves. 
In fact additional constraints related to the final position or shape of the deformed area can 
be specified. Therefore, according to the overall constraint that the final surface must 
respect, in the following referred as target, features can be further distinguished in:   
• Point-driven deformation feature (0D), where the target is one or more points; 
• Curve-driven deformation feature (1D), where the target is one or more curves; 
• Surface-driven deformation feature (2D), where the target is an area. 
It can be noticed that such an overall constraint may be not necessarily described by only 
one geometric element but few can be used for its specification; for instance, the shape of a 
region may be univocally defined by a set of curves. In Chapter 4, a generic curve-driven 
deformation feature will be presented, whereas a surface-driven deformation feature -a 
generalised sweep feature- is treated in Chapter 5. 
Additional shape parameters may include the specification of tangency and curvature 
conditions around the target elements, as well as along the influence area boundary, to 
better impose shape behaviours.  
Concerning the influence area specification, it depends on the specific feature class and 
may be explicitly provided by the user or automatically deduced by the system. 
The creation method specifies the link between the conceptualisation of the feature and its 
embedding in the geometry. Free-form features have been defined in the previous Section 
through a characterisation law, which is mathematically a homoeomorphism. This 
guarantees that the deformation is continuous, by definition; moreover, it is incremental, 
i.e. a deformation can be applied to an already deformed area: it follows from the theorem 
about the composition of homoeomorphisms. But other properties must be fulfilled: the 
deformation has to be stable, in the sense that no self-intersections can occur. In addition, 
the surface should be ever controllable and the modification should ever affect a restricted 
and well-defined area. In Chapter 4 and 5 two different creation methods will be proposed 
for the insertion of detail features, which satisfy the above requirements. The first is 
applicable when a NURBS surface describe the geometry of the feature; on the contrary, 
the second acts on a discrete surface, a subdivision surface in particular. 
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Finally, regarding the validation procedures, they should check if the conditions defining 
the specific class are satisfied both during the creation and the modification of an already 
inserted feature. To this aim, a structured model over imposed on the geometric object 
description, which explicitly represents the feature defining parameters seems essential. As 
in the mechanical case, a graph structure seems suitable. It is worth noting that such a 
model should be fully integrated in an operation dependency graph since in the free form 
domain, direct interaction with the low level geometric defining elements, e.g. control 
points, could anyhow occur for accurate shape adjustments. 
2.7 Discussion 
In this Chapter, an overview about the feature concept in the traditional mechanical field 
and its evolution in the free-form domain has been given.  
Today’s CAD modellers for mechanical applications support feature-based modelling, even 
if validity maintenance is still a crucial issue to solve. This hampers them from providing 
real feature-based systems, but they are still closer to enriched parametric ones. On the 
other hand, only high-level geometric manipulation tools are supported in the free-form 
context and no feature-based ones are included. A classification of free-form features 
suitable for aesthetic design has been reported into details. 
The analysis of a possible feature-based approach, with particular attention to the desirable 
properties in a creation method in the early stages of the product modelling, suggested the 
implementation of two dedicated deformation operators, able to insert free-form features. 
The first acts in the traditional geometric framework of NURBS and is described in 
Chapter 4. On the other hand, Chapter 5 proposes a creation method for sweep features 
onto a subdivision surfaces. Chapter 3 introduces the notion of subdivision surfaces and 
the reasons why are considered a potential alternative to the standard NURBS 
representation.  
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Chapter 3 
Subdivision Surfaces in CAD 
Starting from the geometric approaches used in the early stages of the design, some 
recent results about NURBS manipulation will be reported and discrete surfaces 
will be introduced. 
Then, the principles of subdivision surfaces are presented, giving a general 
comparison with splines. Then, the applicability of this alternative technique to 
CAD environment will be deeply analysed, with particular attention to higher level 
manipulation tools for free-form design.  
Subdivision surfaces appear promising in relation to a possible integrated 
modelling approach, where a unique geometric frame supports different stages. 
After few notes about data exchange between phases of a product development 
process, a final discussion about the stages which could take advantage of 
subdivision techniques is hold. 
3.1 Free-form representations for geometric design 
The final objective of the whole design process is a complete definition of the 3D surface 
model, which has to express the stylist’s idea whilst being the basis for all the related 
evaluations and production activities. Improving the modelling phase is therefore crucial to 
optimise the styling process. In the past two decades Non-Uniform Rational B-splines 
(NURBS) have become a de facto standard representation for shape modelling and 
geometric design. They were and are supported by most commercial modelling systems 
because of their flexibility and the availability of fast and stable algorithms, supporting a 
very wide set of modelling functionality. In Appendix A, mathematical fundamentals are 
recalled; here some more recent results are mentioned.  
Since 70s research efforts originated a very wide set of modelling techniques based on 
NURBS (interactive editing, approximations of shapes, point/curve interpolation, etc…), 
covering most of the functionalities needed in shape modelling processes. For this reason, 
active research activity on NURBS has been declining in the last years. However, some 
drawbacks are still present and are mainly related to an unintuitive manipulation of control 
parameters, to the hard localisation of modifications and to the difficulty in representing 
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arbitrary topologies. The last limit obliges to resort to a subdivision of the surface in 
patches, which constitute a serious problem when converting to other CAD systems or 
transferring to other phases of product development, as it will be seen in Section 3.5. 
To overcome such limits, several studies have been carried out. On the one hand, new 
mathematical representations have been investigated, on the other hand, new modelling 
techniques have been studied to hide the underlying mathematics. 
There are numerous works aimed at avoiding the manipulation of a large number of 
control variables; worth citing are the so called “energy optimisation techniques”. Energy-
based algorithms provide powerful solutions, which can allow the designer to interact with 
NURBS-based tools in an intuitive way without worrying about the way to set up control 
points, weights and knots. The basic idea is to consider the NURBS deformable model as 
governed by physical laws: the model responds dynamically to applied simulated forces 
[TeFl 88, Qin 96, XiQi 01, GuLe 00].  
Another approach targeted to simplify model modifications or to raise a better control of 
the shape is the addition of new parameters influencing the control points displacements 
[San 97, TaLo 99].  
The requirement that the control net consists of a rectangular grid of control points implies 
that not all the topologies can be easily supported and often designers are forced to model 
irregular shapes using degenerate patches, thus reducing continuity between surface 
patches. To model arbitrary topology with a high global smoothness, triangular B-splines 
emerged as a powerful tool for geometric modelling [FoSe 93, GrSe 94, QiTe 97], whose 
disadvantage may be found in the high cost of the evaluation algorithms. 
Recently, discrete representations -especially triangle meshes1- are starting to be preferred 
due to their algorithmic simplicity, numerical robustness, and efficient display. Flexible and 
effective algorithms have been developed, which combine results from approximation 
theory, numerical analysis and differential geometry and apply them to the discrete setting 
of polygonal meshes (see [Kob et al 00] for a general overview). Several of these techniques 
were already available for NURBS–based surface representations and have recently been 
generalised to polygonal meshes such that today splines can be substituted by polygonal 
meshes in many applications. 
The advantage of switching to this representation is mainly due to the fact that algorithms 
for polygonal meshes usually work for shapes with arbitrary topology and do not suffer 
from the severe restrictions which derive from the rigid algebraic structure of polynomial 
patches. Another advantage of triangle meshes is that they can be used for many stages of 
the typical processing pipeline in geometric design applications without the need for inter–
stage data conversion. This accelerates the overall processing time and reduces the 
potential for round–off errors. Moreover, in the industrial context the quality control of 
surface remains very difficult also for continuous representations: it is nearly impossible to 
ensure that geometric continuity conditions are satisfied for large models, or that there are 
not over-numerous and not-intersecting patches.  
In-between unstructured tessellations and continuous surfaces, subdivision surfaces appear as 
an attractive alternative geometric representation. The chief advantage and distinguishing 
feature is their ability to model smooth surfaces of arbitrary topology with highly scalable 
                                                 
1 In the whole document, mesh and tessellation are considered as synonyms. The word mesh here does not 
indicate the geometry of the single faces of the tessellation (quad, triangle, hexagon, and so on) 
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and computationally efficient algorithms, thanks to a very simple data structure and 
efficient generation rules. Subdivision surfaces are not conceptually difficult and can be 
easily modified to create surface features without major changes to the algorithm. In 
addition, they avoid the need for trimming surface patches, which arises in NURBS 
representation, while inheriting all the algorithms and properties of unstructured polygonal 
meshes.  
Section 3.2 introduces the mathematical fundamentals of subdivision surfaces (some more 
technical details are reported in Appendix B); Section 3.4 discusses their real applicability to 
CAx environment, especially to the modelling phases, and the reasons why we consider 
subdivision surfaces as a valid alternative to splines. 
3.2 Subdivision surfaces: mathematical fundamentals 
From the technical point of view, a subdivision surface can be seen as the limit surface of a 
sequence of successive refinements of an initial mesh. Its shape and smoothness depend on 
the rules stated for the refinements. These rules can be various, but they have to respect 
some properties to allow for a good geometric representation. Such properties are [Zor et 
al. 00]: 
• Efficiency: the number of operation to evaluate the new points must be low; 
• Compact support: a point must influence the shape in a small and limited region; 
• Local definition: the rules to find the new points do not have to involve “far” points; 
• Affine invariance: the final shape must be invariant under affine transformations; 
• Simplicity: few rules must be adopted; 
• Continuity: the limit curve/surface must be sufficiently smooth: continuous at least, 
better if differentiable. 
Mathematically,  
Definition 3.1. If P={Pik}, i∈I, k≥0, is a set of points given a level k of the refinement sequence, the 
point at the level k+1 are determined by 
 Pik+1= S Pik, (3.1) 
where S is the subdivision matrix. A subdivision surface is 
 k
k
PP ∞→
∞ = lim   (3.2) 
The matrix S is the element defining the type of the subdivision scheme, i.e. the set of rules 
chosen; the convergence properties and the regularity of the limit surface is obtained from 
the study of eigenvectors and eigenvalues of the matrix. If S is the same for each level, the 
subdivision scheme is said stationary. Details about convergence properties are given in 
Appendix B. 
Subdivision schemes are many and a unique classification is not possible to be achieved. 
Some criteria can be chosen in order to obtain a partial classification and, for each of them, 
there are different schemes; however, there are schemes mixing different techniques. Each 
scheme has pros and cons and the choice of a particular scheme is strictly connected to the 
actual modelling requirements.  
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Considering only those schemes generating at least C1 surfaces2 on arbitrary meshes, a 
possible classification of subdivision surfaces can be based on:  
• the type of refinement rule (split either of faces or of vertices); 
• the type of resulting mesh (quadrilateral or triangular, hexagonal); 
• either interpolating or approximating scheme (whether the points are kept at the 
next level or not); 
• smoothness of the final surfaces starting from regular control meshes. 
In general, it is preferable to start from a uniform mesh, that means that all the edges have 
approximately the same length; in particular, the most used are the triangular (equilateral 
triangles) and quadrangular (squares) meshes. Hexagonal meshes are possible as well and 
there are some schemes dealing with them [Cla et al. 02]. By definition, the valence of a 
vertex of a mesh is the number of edges incident to that vertex. For a triangular mesh, an 
interior vertex is regular if the valence is 6; for a quadrangular one, if the valence is 4 (4, 3, 
respectively, at the boundary). The points with a different valence are extraordinary vertices. 
Applying a subdivision scheme to a mesh maintains the regularity of the mesh itself; this 
means that the number of extraordinary points does not increase and they remain isolated 
during the refinement process. Because of the different valence, extraordinary points need 
special subdivision rules, which cause a lower regularity of the final surface. When speaking 
about smoothness of a subdivision surface, its smoothness in regular cases is usually 
intended.  
There are two techniques defining the refinement rules. If the scheme is primal, a face split 
is applied: the (either triangular or quadrangular) face is subdivided in four; the old vertices 
are retained, the new ones are inserted on the edges and for quadrilaterals an additional 
vertex is added for each face. If the scheme is dual, for each vertex, one new vertex for each 
face adjacent to that vertex is inserted. In Figure 1, the two techniques are shown. To 
quadrangular meshes both primal and dual schemes can be applied, while dual schemes 
applied to triangular meshes produce non-nesting hexagonal tilings. 
Figure 1. Primal and dual schemes([Zor et al. 00]) 
                                                 
2  Mathematically, a Ck-function, k∈N0, is a function with k-continuous derivatives. 
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Face split schemes can be interpolating or approximating. If the vertices of each coarser 
tessellation are also vertices of the refined one, the scheme is interpolating; otherwise, it is 
approximating. In case of interpolation, the original control points defining the surface are 
also points of the limit surface, which allows one to control it in a more intuitive manner; 
moreover, a lot of algorithms can be considerably simplified, and a lot of calculations can 
be performed “in place”. Unfortunately, the quality of these surfaces is not as high as the 
quality of surfaces produced by approximating schemes, and the schemes do not converge 
as fast to the limit surface as the approximating schemes. In fact, the most common 
approximating subdivision schemes guarantee C2 smoothness in regular case (and C1 for 
extraordinary vertices), while interpolating schemes are at most C1. Among the 
approximating schemes, Catmull-Clark and Doo-Sabin were the first ones introduced 
[CaCl 78, DoSa 78], the Loop scheme is a bit more recent but still a classic [Loo 87]. A lot 
of schemes have been derived from these three and they are the most used in practical 
applications (e.g. editing purposes). Among the interpolating ones, the most used is the 
(modified) Butterfly scheme [Dyn et al. 90, Zor et al. 96]. In Appendix B, the masks of 
these schemes will be given, together with a comparison between different schemes. Mask 
and stencil are two terms indicating the set of coefficients to give to a vertex in order to 
obtain the new control points at the next level; in other words, they provide the practical 
formula of the subdivision process.  
What is very important to highlight is that masks can be applied locally. This means that 
refinements can be different according to the modelling requirements: the tessellation is 
dense only where necessary; i.e. in “critical” areas. For instance, in the design phase, 
“critical” may be referred to areas where shape is more detailed; in engineering analysis,  to 
areas subject to stress. 
A natural evolution of subdivision surface is given by multi-resolution subdivision surfaces[Zor 
97]. In addition to refining a base control mesh, details are added at each refinement step 
(see Appendix A for some remarks about multi-resolution approaches). The resulting mesh 
is semi-regular, i.e. most vertices have the same valence as for a regular grid, and only few 
isolated have a different valence. This representation inherits the properties of subdivision, 
while allowing for representing high resolution surface geometry, either constructed form 
scratch or obtained using a 3D scanner. In fact, connectivity of the mesh needs not to be 
explicitly stored, except for extraordinary vertices, in this case, and this considerably 
reduces memory requirements, while permitting to use more efficient algorithms.  
In the next Section, a general comparison with piecewise polynomial surfaces will be given, 
whereas pros and cons of subdivision surfaces will be analysed in Section 3.4, in view of 
CAD applicability.  
3.3 Comparison with piecewise polynomial surfaces 
Comparing subdivision surfaces with other modelling approaches, they present advantages 
and drawbacks. The strongest points are: 
• Arbitrary topology. They generalise B-spline permitting to represent a complex 
topology without using a tessellation into patches, as it is necessary with continuous 
representations; 
• Scalability. Because of their recursive structure, an adaptive representation is natural 
together with a multi-resolution description (different at each level of detail); 
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• Uniformity of representation. Subdivision surfaces are in-between splines and discrete 
models, then they can be seen and treated as made of either patches or small faces; 
• Numerical stability. They have some useful properties of finite element solvers and 
are suitable for numerical simulation; 
• Code simplicity and efficiency. The rules are simple and the operations few, so they can 
be efficiently implemented. Moreover, with today’s hardware performances, 
problems related to computing speed when refining a tessellation are strongly 
reduced.  
On the other hand, subdivision surfaces suffer form some drawbacks that may be 
fundamental in some modelling contests:  
• Inexact control of the shape. Since the final surface is never attained and approximations 
are given at each stage, an exact control of the shape is not possible. Anyway, after 
few subdivision steps, the shape is usually quite close to the limit; 
• Smoothness. The most common schemes guarantee at most C2-continuity, but at 
extraordinary vertices. Imagining schemes producing smoother limit surface is 
possible in theory, but they would be useless from the practical point of view 
because too complex;  
• Redundancy of the representation. A subdivision step introduces a lot of new points on 
the mesh and, after some refinements, the mesh can become really dense. It is then 
important to refine only where it is necessary, such that the number of points is 
limited. 
A general comparison with NURBS may be done, even if it is not possible to decide which 
is better between the two in terms of basic geometric properties: both have pros and cons; 
moreover, subdivision properties depend on the scheme considered, thus, a generalisation 
is difficult. Some remarks will follow, simply related to the basic representations. 
Doo-Sabin, Catmull-Clark and Loop schemes are all an extension of knot refinement 
techniques of splines, quadratic uniform B-splines, cubic uniform B-splines and box 
splines3 respectively (no generalisation of NURBS is possible), with the advantage of 
providing an efficient compressed representation of arbitrary topology surfaces: as already 
said, subdivision surfaces are ideally suited for progressive coding because of their 
hierarchical structure. Such a relationship with splines implies that the limit surface is a 
spline in this case (unless around extraordinary points). Hence, the two representations 
have analogies. Both are good representations according to the properties listed at the 
beginning of Section 3.2, both need denser descriptions when an object includes special 
features. For NURBS, knot and control point refinement is needed in this case, which is 
equivalent to the subdivision refinement process in terms of efficiency. 
On the other hand, thanks to the closed mathematical representation, splines allow for an 
easy evaluation and implementation. Computation of points and derivatives are 
straightforward and this is not always true for subdivision surfaces; as it may be guessed, 
the main problems are due to extraordinary points. NURBS provide a more precise control 
of the shape, but manipulation is less flexible and more expensive: manipulation cannot be 
                                                 
3 Box-splines consist of regular arranged polynomial pieces, defined as the usual B-splines via a tensor 
product constructions, with special basis functions [HandCAGD 02]. 
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direct, but through control points. On the contrary, subdivision surfaces inherit all the 
properties and the simplified algorithms for discrete surfaces.  
A limit of splines is that they are not able to represent any topology, but only the ones 
homeomorphic to a plane. This drawback is overcome by subdividing the primary surface 
in patches joined together, with assigned continuity conditions at the boundary. One of the 
main advantage of subdivision surfaces is the flexibility in describing complex shapes and 
detailing them only where necessary. They are not forced to rigid quadrangular grids as 
NURBS: this gives more freedom both when modelling and moving on the surface, since 
they are not related to isoparametric curves, but have more privileged directions (according 
to the topology of the mesh). A possible evolution might be represented by a dynamic 
choice of the grid at each step according to the previous one or adopting mixed triangle-
quad schemes [ScWa 04]. 
However, subdivision surfaces are continuous only at the limit and have problems 
connected with curvature [Sab et al. 03], since there are no schemes guaranteeing C2 
continuity at extraordinary points. Further research on the behaviour of extraordinary 
points still is needed, even if some results have been achieved to study and limit their effect 
[BaKo 04].  
The next Section will describe the applicability of subdivision surfaces in CAD and the 
remarks outlined here will be specialised and described in more detail.  
3.4 CAD applicability 
The industrial environment has some specific modelling requirements which a digital 
geometric description must satisfy. The NURBS representation is able to fulfil such 
requirements even if not always optimally. A new geometric approach in the industrial field 
must cover the same needs, even better to be able to improve some performances. 
As already said, subdivision surfaces are between polygonal and continuous 
representations: at the limit, they are surfaces and, in this sense, can be treated as such. On 
the other hand, at each step they are actually meshes and the geometric behaviour is 
discrete. Then, they can benefit from all the findings for meshes with no restriction. In the 
past, subdivision techniques showed their power in the animation graphics field where their 
flexibility and simplicity for representing shapes have been fully exploited [DeR et al. 98]; in 
fact, nowadays subdivision schemes are incorporated into most animation software tools. 
At present, almost everything one can do with traditional NURBS–based systems can also 
be achieved by subdivision methods. Mainly performance issues still need attention and 
experimental studies.  
A short review highlighting how subdivision surfaces manage to fulfil the main 
requirements in product modelling will follow. The design phase consists of two main 
activities: the creation and the modification of the object shape.  
When creating, a designer needs instruments to describe digitally the shape he/she has in 
mind. Beside the capability of representing any complex geometry, it is important that the 
application of a modelling tool produces the results expected in terms of both shape and 
regularity. Not only in the creation phase, but also at the manufacturing stage, high 
precision is required: shape must be as much correct as possible and surfaces must often be 
C2. For this reason, surface evaluation usually follows the creation step. Here some results 
are cited about the possibility to evaluate the surface at any points or calculate derivatives, 
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necessary in other phases as well, e.g. for estimating a tool path of NC machines or for 
simulation purposes. To verify the smoothness of the surface, light lines, such as reflection 
or shadow lines, are widely used and are mathematically related to the C2-continuity of the 
surface. In [Kob et al. 00], the treatment of light lines in generic discrete geometry, for 
example useful for visualisation purposes, is described. Few notes about the “smoothness” of 
subdivision surfaces in particular and the predictability of the shape will be given. 
However, not only tools for high regularity are needed. In fact, common objects are not 
smooth anywhere and at the same rate. Conversely, subdivision techniques tend to 
smoothen the mesh and can be also used just at this aim. Hence, it is important to have 
methods to decrease the regularity at some points or along some lines, e.g. when sharp 
edges are desired. In NURBS environment, this is usually obtained subdividing in patches, 
while in the subdivision one, special rules are applied to edges or vertices to sharpen. 
In the modification phase, it may be needed to exactly localise and retrieve areas and points 
on the surface, for example, if the user draws directly on the surface. For different 
purposes, it is convenient to represent subdivision surfaces as functions defined on some 
parametric domain with values in ℜ3. In the next, there will be described a way to naturally 
parameterise a subdivision surface. 
In addition, during the creation or the modification of a geometric description of a CAD 
object, users should have the possibility to model the shape as they are used to doing every 
day. Then it is important to give them intuitive tools, close to the traditional way of 
manipulating surfaces. The possibility to attain curves or points of a surface goes into this 
direction; therefore, the tools to constrain the surface to points and lines must be created. 
A lot of work has been done in the field to make the subdivision technique competitive 
with the standard geometric representations and the most interesting results are mentioned 
in the subsections Modelling with constraints. Boolean operations and trimming, by now a 
standard in all the commonest modellers, can be included in the same category. Some 
results related to subdivision surfaces will be given. 
 
3.4.1 Evaluation at arbitrary points 
If the model is represented by splines or NURBS, such an evaluation is immediate and 
exact. Since the subdivision surface is continuous only at the limit, it presents more 
problems. In fact, being the final shape only a limit, the mesh can be closer and closer to it, 
but can never reach it. Moreover, every algorithm evaluating the limit surface can provide 
values that are an approximation of the real value on the discrete surface. Nevertheless, 
satisfying solutions have been provided. 
The convergence properties at the limit derive from the eigenstructure analysis of the 
subdivision matrix (see Appendix B). If an interpolating scheme is used, evaluation is 
straightforward, since all the points of each step belongs to the final surface. If the 
subdivision scheme is one extending splines, the coordinates of regular points at the limit 
are the values of the spline at the corresponding points and the estimation is easy. As usual, 
the problem is given by the extraordinary points. The Stam’s algorithm [Sta 98] is the work 
which answers almost completely this issue. It allows for the calculation of points and 
derivatives on the limit surface at arbitrary parameter values if using Catmull-Clark 
schemes, and the methods can be analogously applied to Loop surfaces. He showed that 
the surface and its derivatives can be calculated in terms of a set of eigenbasis functions 
depending only on the subdivision scheme. After treating the regular part, the behaviour of 
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extraordinary vertices is studied: using some manipulations on the eigenstructure of the 
scheme, it is possible to analytically compute the surface everywhere with an algorithm 
costing as much as the evaluation of bi-cubic splines.  
This work was extended by Zorin e Kristjansson [ZoKr 02] by considering the subdivision 
rules for piecewise smooth surfaces with boundaries depending on parameters. They 
introduced a different set of basis vectors for evaluation, which depend continuously on 
the coefficients of the subdivision rules, unlike eigenvectors. Thanks to that, it is possible 
to define an evaluation procedure for parametric families of rules without considering an 
excessive number of special cases In particular, the authors demonstrate how such bases 
are computed for a particular parametric family of subdivision rules extending Loop 
subdivision to meshes with boundaries. 
 
3.4.2 Parameterisation 
The difficulty in the parameterisation of a subdivision surface is mainly given by the 
freedom a shape can assume. In the regular case, the plane or a subspace of a plane can be 
used as a domain. However, for arbitrary control meshes, it might be impossible to 
parameterise the surface continuously over a planar domain, as happens in the NURBS 
case.  
A natural construction was developed [Zor et al. 00], which permit to use the initial control 
mesh, or more precisely, the corresponding polygonal complex, as the domain for the 
surface. Each time the subdivision rules are applied to compute the finer control mesh, a 
midpoint subdivision to a copy of the initial control polyhedron is applied as well (see 
Figure 2): the old vertices are maintained and new vertices splitting each edge in two are 
inserted. Note that each control point inserted in the mesh using subdivision corresponds 
to a point in the midpoint subdivided polyhedron. Another important fact is that midpoint 
subdivision does not alter the control polyhedron regarded as a set of points; and no new 
vertices inserted by midpoint subdivision can possibly coincide. 
 
Figure 2. Natural parameterisation of the subdivision surface ([Bie et al. 01b]) 
Repeatedly subdividing, a mapping from a denser and denser subset of the domain to the 
control points of a finer and finer control mesh is obtained. Interpolating between control 
vertices at each step, the mesh generated by subdivision is considered as a piecewise linear 
function on the domain K. If this sequence of functions converges uniformly, the limit is a 
map f from |K| into ℜ3. This is the limit subdivision surface. 
It is important to notice that, constructing the parameterisation in this way, the domain can 
be the plane with a regular grid for a regular mesh. If the subdivision scheme reduces to 
spline subdivision, such a parameterisation is exactly the standard (u, v) parameterisation of 
the spline, which is guaranteed to be smooth. 
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If the polyhedron has self-intersections, this construction cannot directly be applied, but a 
trick can be used. Self-intersections usually disappear in a four-dimensional space; 
therefore, a polyhedron in four dimensional space (or higher, if the self-intersections 
persist) is the domain in this case. The polyhedron must have the same structure as the 
initial control mesh of the surface, that is, there is a one-to-one correspondence between 
vertices, edges and faces of the domain and the initial control mesh.  
 
3.4.3 Smoothness of the surface 
The most popular subdivision schemes guarantee C2 surfaces at the limit only for regular 
vertices, but they may present diverging second derivatives near extraordinary points. Some 
modifications in the masks lead to bounded but discontinuous second derivatives or to 
vanishing ones. A scheme guaranteeing higher smoothness would be more complicated 
and then not very useful from the practical point of view.  
The problems concerning second derivatives affect curvature, which results in these cases 
either unbounded, zero or not continuous. However, researchers are working on this topics 
and analyses of the behaviour of curvature can be found in [ReSc 00, Loo 02, Sab et al 03]. 
Moreover, some irregularities on the surface, in particular some ripples, may appear due to 
aliasing effects. Sabin calls them artifacts and classifies them in longitudinal, lateral and 
rotational [HandCAGD 02]. They depend on eigenvalues of the subdivision matrix and 
appear at the first subdivision step; the ones at the first step are much more evident than 
the ones of the other steps. Tools for analysing artifacts are not developed yet, but spatial 
Fourier analysis is certainly one of the most promising approaches. 
As seen in Chapter 1, the “pleasantness” of a surface to the eye is not guaranteed by the 
only high smoothness and fairing issues have been introduced in order to optimise the 
shape. Such a formulation has been extended to discrete representations as well, even 
specialised for subdivision models (i.e. variational subdivision surfaces, [KoSc 98]). 
 
3.4.4 Shape predictability 
The control of the shape is a key issue in product design; particularly in CAD/CAM, where 
it is very important that the shape of the object is represented as correctly as possible. 
Unfortunately, it is also the most critical drawback of the subdivision surfaces. In the case 
of subdivision surfaces, the problem is finding the right initial control net which will 
produce a good approximation of the real object when refined. However, a similar problem 
appears with splines as well, since the shape is not built directly but through a control 
polyhedron. 
To have a better guess of the surface shape, it is generally convenient to use schemes where 
the convergence rates is a-priori known. Catmull-Clark, Doo-Sabin and Loop converge to 
certain splines: envisaging the final shape is easier in this case. On the other hand, they are 
approximating schemes, so subject to a shrinking effect, which cannot be measured. By 
definition, interpolating schemes allow for a more predictable final surface, but at the 
expense of smoothness.  
An effective way to reduce the problem can be constraining the surface where some 
important features must be preserved and this is the most adopted strategy in editing 
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subdivision surfaces. In the next subsection, prescription of sharpness and normals are 
treated, while subsection 3.4.6 deals with point and curve constraints.  
 
3.4.5. Modelling with low level geometric constraints  
In the refinement process of a subdivision surface, the bare result is a smoothing of the 
surface. But in practical applications the shape is usually complex and has different levels of 
smoothness. The first effort faced in the direction was done by Hoppe and some 
colleagues [Hop et al. 94], who added the treatment of sharp edges to the Loop scheme. In 
order to create a piecewise smooth subdivision surface (i.e. including sharp features) they allow 
the user to tag the vertices. By definition, a crease is a curve along which the surface is C0 
but not C1; a corner a point where three or more creases meet; a dart is an interior point of a 
surface where a crease terminates. To model such features they changed some of the rules: 
while smooth and dart vertices are handled as in the Loop scheme, crease masks have been 
designed so that the sharp edges converge to uniform cubic B-splines except near non 
regular crease vertices and corners. 
DeRose and some colleagues in [DeR et al. 98] extended the previous work, permitting to 
obtain semi-sharp edges, useful for modelling fillets and blends. They modified Catmull-
Clark scheme introducing an edge sharpness parameter, whose values vary from zero 
(completely sharp)  to infinite (completely smooth) through an interpolation function. 
Biermann et al. [Bie et al. 00] proceeded in this direction improving rules to manage the 
lack of smoothness at extraordinary points and allowing for the prescription of normals to 
the surface when applying the Loop scheme. The tags are similar to the ones of [Hop et al. 
94], but concave configurations are added. In fact, the rules of the common subdivision 
schemes force the surface to assume a convex configuration. Then, if the original mesh is 
concave in a certain point, there will follow a fold when refining. The authors introduce a 
flatness parameter in the refinement rules, taking into account how quickly the surface 
approaches the tangent plane in the neighbourhood of a control point. The parameter 
(modifiable by the user), if applied to a concave corner vertex, ensures that the surface is C1 
at that point; moreover, it permits to gain C2 continuity at extraordinary vertices, but with 
zero curvature. To induce the surface to attain a given normal, the authors manipulate the 
eigenvalues of the subdivision matrix as explained in Appendix B for tangent curves. 
 
3.4.6 Modelling with high level geometric constraints  
The previous Section dealt with some intrinsic constraints for a subdivision surface, 
imposed modifying subdivision rules. Higher level constraints, such as point and curve 
interpolation, are often necessary in the creation and manipulation of surfaces. A great deal 
of work has been done in the subdivision field achieving good results. Some have been 
obtained still modifying the subdivision rules, others with an extrinsic handling of the 
surface -i.e. with mesh editing techniques- or with mixed approaches. 
A complete formal taxonomy of the interpolating constraints on subdivision curves and 
surfaces is provided by Nasri, and Sabin [NaSa 02a, NaSa 02b].  
Some researchers dealt with constraining the surface to some specific points, as Qin et al. 
[Qin et al. 98], who introduced dynamic Catmull-Clark subdivision surfaces where a 
physical-based approach is coupled with subdivision to locally deform an initial surface 
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towards some point constraints. The limits here are typical of the physical-based models: 
the deformation cannot be controlled both in shape and in size. 
The problem of constraining a surface to pass through one or more curves has been 
treated by several researchers. In most of them constraints are introduced to build the 
object model [NaAb 02, Mor et al. 01] and are not suitable for editing purposes. In the 
first, the authors show how to build some polygonal sections, such that they converge to 
given spline sections. A clear application is creating loft surfaces from prescribed 
continuous sections, being sure they will be attained at the limit. The second paper 
describes a method to generate the base mesh to obtain revolution surfaces. 
Techniques for treating curve constraints applicable both in the creation and in the 
manipulation phase have been devised [Lit et al. 01a], based on the concept of combined 
subdivision schemes, which include local samples of the desired curve as subdivision 
control points [Lev 00]. This approach permits to fit curve constraints also at the boundary 
of the surface. In this way, trimming operations can be performed [Lit et al. 01b], treating 
the trim curve as a boundary of a new subdivision surface. Conversely, a hole can be filled 
with the same philosophy.   
Alternative approaches to curve driven surface modification are followed by Khodakovsky, 
A., and Schröder, P., [KhSc 99], and -more accurately- by Biermann, H., et al. [Bie et al. 
01a]. In both cases the constraint line is drawn by the user arbitrarily onto the subdivision 
surface itself, but only a displacement operation is performed on the points localised on the 
mesh. In a multiresolution framework, the first approach proposes a mesh editing 
technique which does not eventually provide a pure multi-resolution surface; on the 
contrary, the second one includes the curve constraints reparameterising the subdivision 
surface: in this way, sharp features (as well as trim curves) are placed within the multi-
resolution model, permitting to further consistent manipulation. 
An evolution of the latter work can be found in [Bie et al. 02], where the authors, starting 
from the method proposed in [Bie et al. 01a], solve the problem of pasting a given portion 
of surface on another one. The area to paste is parameterised through a spine and distances 
from the boundary: with a proper projection, the area is mapped and blended on the 
second surface.  
Finally, boolean operations are the basic tools used to create complex shapes in solid 
modelling. If the underlying representation is B-rep, trimming operations are essential and 
are a hard task for NURBS as well, requiring the computation of the pre-image of the trim 
curve in the parametric domain. If the trim curve arises from the intersection of patches, 
the solution is notoriously difficult and approximated; in fact, the intersection curve is 
calculated for each object: it is not one then, but an approximated curve for every surface. 
The same problems can be encountered in the discrete case, but some progress has been 
recently achieved. Specific results on trimming subdivision surfaces can be found in [Lit et 
al. 01b], while a more general –approximated- evaluation of Boolean operations is treated 
in [Bie et al. 01b].  
3.5 Subdivision surface models in product development 
Product design is a complex activity in which the product shape is the major outcome, 
resulting from a possibly long and complex loop of evaluations and simulations which 
normally require shape modifications to satisfy the given requirements. All these actions are 
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currently supported by computer tools, thus avoiding, or at least reducing, the number of 
the needed physical prototypes. The integration among the different phases is a key issue 
for the optimisation of the whole development process. Although the CAD model is the 
first created in design and is the reference model for all the successive phases, each activity 
has its own requirements: focusing on specific product aspects and using particular 
information, it needs a proper geometric model fitting them [Lee 99]. When a digital model 
is transferred from one phase to another one, the retrieval of necessary information is 
critical and not always possible. 
For instance, a CAD model may not contain the right set of information indispensable for 
automatic programming a CNC machine tool. Moreover, required different geometric data 
are different according to the NC machine to be driven. For example, lathe operations 
need two dimensional profile geometry, while 3-axis or 5-axis milling machines need a 3D 
surface. 
In CAE, the CAD model is too detailed for structural analysis and a discretisation of the 
model is necessary for a realistic chance of getting a useful simulation. For example, fillets 
and radii added to make the part more manufacturable have to be removed. 
In tooling design, the CAD model of the part to be moulded or cast may not have the 
parting line identified or the necessary draft built in; the allowance for the inevitable 
shrinking of a solidifying part has also to be included in the model, as well as the allowance 
of stamping dies for over-bending to compensate for springback. 
Lacking or incorrect information produces an increase of costs and time to put the model 
in the right form and recreating the entire model in the new environment is sometimes 
even less expensive; therefore, industrial companies show an interest in high quality product 
data during the life-cycle [SASIG 01]. This term means both providing the correct data in 
the correct format to the proper phase and avoiding to recreate or repairing data. 
In today’s push for collaboration, supplier integration and concurrent engineering, data 
exchange is becoming an essential issue in product development. There are different modes 
to exchange data: 
• CAD A → CAD A. Even in the same system, some considerations have to be 
taken regarding configurations, conventions, accuracy; 
•  CAD A → CAD B. In this case, the most common procedure is translating the 
first model in a neutral format, such as STEP or IGES, and then converting again 
in the second system; 
• CAD A → CAx B. Whenever the model has been delivering to a phase requiring 
CAD data, the adoption of a neutral format is the most used to import the model 
in the second different system. 
It appears obvious that the more frequent conversion and transfer are, the more the 
product development is time-consuming. To minimise occurring errors, data healing 
repairs especially CAD, CAM, CAE data. Due to varying tolerances and approximations, 
many flaws appear: the healing job is minimising such flows cleaning up the original 
geometry. 
Table 1 lists the various formats and geometry that could be used in some processes. 
Different companies, organisations and practices will perform the same task in different 
ways, so the table is meant to present a wide view and capture the data formats that might 
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be used for some aspects of product development. It may be noticed that not always a 
continuous and precise representation is used at every stage, but also discrete ones (e.g. 
CAE, Rapid Prototyping). All the phases admitting either a VRML, STL or Mesh format 
could take advantage of a discrete geometric representation of the product model. 
 Preferred Format Preferred 
Geometry 
Tessellated Represent. 
Discipline/Format STEP IGES STL 2D 3D Visualisation, 
e.g.VRML 
Mesh 
CAD 
Design * *  * *   
Visualisation * * * * * *  
Assembly *  * * * *  
Packaging *  * * * *  
Review * * * * * *  
Drawings * *  * * *  
CAM 
Tool design * *  * *   
Simulation * *   *  * 
Assembly *  *  * *  
Automation *  *  * *  
Robotics *  *  * *  
NC *   * *   
Analysis *    *  * 
Deformation * *   *  * 
CAE 
FEA *    *  * 
CFD *    *  * 
Crash *    *  * 
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Acoustic *    *  * 
Kinematics *    *  * 
Rapid Prototype 
STL * * *  *   
LOM * * *  *   
FDM * * *  *   
Inspection 
CMM * *  * *   
Gauging *    *   
Fixture *    *   
CMM * *  * *   
Gauging *    *   
Fixture *    *   
Table 1. Formats used in different phases of product development 
This thesis proposes the subdivision surface technique as an alternative geometric 
representation in conceptual design phase, where sculptured surfaces are modelled. In the 
previous sections, research activities allowing for free-form manipulation of subdivision 
surfaces have been discussed. In the detailed design stage, including manufacturing, high-
regularity surfaces are required. The multi-patch description by NURBS of free-form 
shapes guarantees regularity, but causes several problems when transferring models to the 
other phases. This is due not only to the approximation problems in file transfer, creating 
gaps or overlapping faces, but also on the user creation choices: it is very frequent that 
models created by stylists need to be manipulated to either reduce the number of patches 
or avoid long and narrow patches difficult to be manufactured. It has been seen how 
subdivision surfaces could overcome this problem defining a discrete surface which 
circumvents the drawbacks of multi-patch representations on the one hand, converging to 
a smooth surface, on the other.  
But there are other fields in which this geometry can be promising: in fact, several activities 
-such as reverse engineering (RE), rapid prototyping (RP) and tooling, FEM analysis, 
virtual inspection and navigation- require a discrete model. In addition, phases as 
manufacturing where continuous surfaces were traditionally needed, are moving to new 
trends: for example, the most recent NC software uses dense triangulations as the master 
for tool-path determination. In the final part of this Section, how subdivision surfaces 
could be successfully exploited in these development phases is described.  
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RP techniques are more and more adopted nowadays not only to create physical 
prototypes simulating the appearance and the behaviour of a product, but also for 
manufacturing tools, such as moulds. The input required by RP machines is the 3D model 
in the STL format, which contains simply a list of triangles. If using subdivision surfaces at 
a suitable refinement level, a STL file can be straightforwardly obtained.  
Analogously to RP, the use of RE techniques to create a digital model from a physical 
one  through a 3D scanner is increasing. This is done with two main purposes. The first is 
to have a CAD representation of the final product shape after some modifications on the 
physical prototype, as it commonly happens in the automobile field. The second aim is the 
definition of a product as a variation of an existing object. In this context, most methods 
for the CAD model generation are based on the conversion of a discrete data set -
organised in a triangulated representation- into a piecewise smooth, continuous model (see 
[Var et al. 97]). Such a conversion normally includes the segmentation of the domain to 
identify sharp edges and regions that can be translated into a single patch. The surface 
creation is a semiautomatic process since most of the time the resulting patch 
decomposition needs to be modified to avoid too many and small elements due to the 
initial dense point cloud.  
This is usually a time consuming process that could be prevented if tessellated models 
would be used as final representations. In practice, the first triangulation created needs to 
be simplified to get rid of unimportant details and noise. Such a decimated mesh is an 
optimal starting point for a subdivision process, which will produce a new tessellation, 
more regular and suitable to be manipulated later. This is the strategy proposed in [Hop et 
al. 94], where subdivision surfaces have been introduced mainly for good visual 
appearance. 
More recently, Ma and co-workers [Ma et al. 02] presented a new approach for fitting a 
subdivision surface from an irregular and dense triangle mesh of arbitrary topological type. 
The simplification of the mesh is here performed through an algorithm preserving 
topology and some features detected at the start. A fitting procedure has been devised, 
which –taking into account subdivision rules- creates a subdivision surface still preserving 
the topology and sharp features.  
Another phase where a discrete model is necessary is CAE, where a mesh is employed to 
perform the simulation of kinematics or dynamics of the designed object. A mesh 
generator is commonly used to transform the surface model, but a typical drawback is the 
lack of robustness; moreover, the output of a finite-element simulation cannot be applied 
directly to the original geometric model because there is no inverse mapping. Since the 
analysis can be required at different stages of the design course, different accuracy is 
required. In the early stages, quick rather than precise results are sufficient, while in the 
later ones high accuracy is important. Subdivision surfaces can be properly defined to 
provide suitable basis functions for a finite-element analysis applied on surfaces, as shown 
in [Cir et al. 02] in case of thin shell structures, frequently used for engineering analysis in 
the automotive and aerospace industries. As a consequence, the analysis can be performed 
on a coarse mesh early in the design procedure when a large number of design alternatives 
are being considered, whereas it is possible to increase the fidelity of the analysis 
subdividing the mesh as the design process proceeds. This work has been recently 
optimised in [Gree et al. 02], where the subdivision process is used not only to model the 
surface and the mechanics of the simulation, but also to precondition the numerical 
solution, accelerating the simulation performance. 
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Finally, tessellated representations are used for visualization purposes. In cases of real time 
response needs, such as for virtual inspection, navigation and collision detection, this type 
of models is adopted since a fast and realistic rendering of a large number of assembled 
models and moving mechanisms is very expensive. The speed is certainly increased with a 
level-of detail (LOD) representation, that –in case of subdivision surfaces- is naturally 
provided by the multi-resolution structure. Suzuki et al. in [Suz et al. 03] propose S-CODE 
system, which uses the Loop scheme to approximate a CAD model and its LOD 
rendering. The aim is giving a compression method for the CAD model, such that it can be 
easily transmitted to other companies for collaborative engineering or to digital mock-up 
systems. 
3.6 Discussion 
This Chapter analyses a geometric representation alternative to NURBS: subdivision 
surfaces. It has been shown how discrete meshes can be used in free-form modelling. They 
are easier to treat, with the advantage of discarding multi-patch representations. Literature 
is very wide about manipulation techniques for discrete surfaces, even suitable for CAD 
application. Subdivision surface can inherit all this background, with the further capability 
of a refinement process. It permits to refine the surface only where necessary and to apply 
multi-resolution approaches, which optimise the storage of the surface.  
In addition, recent literature related to product development process has been moving 
towards tessellations, also in phases where traditionally continuous surfaces had been 
adopted, such as manufacturing. Considering that different phases of the process usually 
require discrete surfaces, an ideal unified geometric framework for different phases appear 
as profitable as well as promising. Conversion and transfer problems might be reduced in 
integrated modelling, together with time to market and costs.  
Despite the considerable interest in such a modelling technique, expressed by CAx vendors 
too (e.g Dassault System is introducing subdivision surfaces in Catia [BoBe 03]), and the 
wide research carried out to solve recurrent issues faced in product modelling, their 
practical application in this context still requires further effort and it is certainly premature 
thinking to subdivision surfaces as a standard in a next future. In fact, their potentiality in 
the involved development process should be validated and new tools provided. Only when 
such tools are offered, subdivision surfaces could be really adopted as an alternative 
geometric representation. 
Since they are not available in CAD software yet, exchanging data between applications and 
reusing control meshes are a big issue to tackle. In relation to other development phases, it 
has to be noticed that also discrete surfaces have to be different according to the goal to 
reach. Thus, different tessellations would probably be required in the workflow and 
efficient remeshing methods should be supplied. Regarding modelling tools themselves, 
they have to equate the ones offered by NURBS, not only in terms of results, but also in 
terms of intuitiveness. Even though effective solutions have been found for free-form 
surface manipulation, communication with users is not mature yet. Designers need tools 
close to their mentality and changing the underlying geometry should not cause  a worse 
interaction with the system.  
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Chapter 4 
A feature-based approach on NURBS 
This Chapter describes a first implementation of a generic deformation feature to 
insert character lines on B-spline surfaces. In the proposed approach, the feature 
deformation method is based on the force density technique, where B-spline 
surfaces are coupled with a mechanical model of a bar network; geometric 
constraints are automatically and adaptively added to monitor and control the 
deformation process.  
The concepts behind such an association together with the description of the 
feature parameter treatments are described. Finally, some examples show the 
results obtained by this deformation feature with the help of curvature maps, used 
to analyse the influence of the constraints and the resulting quality. 
4.1 Surface deformation using the Force Density Method 
A free form surface is mainly defined by its control polyhedron (see appendix A), whose 
position modification guides the surface shape changes. Finding a user-friendly way to 
insert a deformation feature means to develop a method transparent to the user that 
determines the correct positions of the control points giving rise to the wished shape.  
Different methods have been proposed to perform free-form surface deformation using 
either direct or indirect control procedures. Purely geometric approaches [BoBe 91, BoRa 
94, LaWa 94] often produce a large set of control parameters and do not provide means to 
efficiently incorporate functional and/or aesthetic constraints. A large set of mechanically-
based deformation methods has been set up to generate higher level approaches that mimic 
real deformation processes. They use finite element models [TeQi 94, CeGo 91] or 
boundary element models [JaPa 91] or membrane-like behaviour [WeWi 92] and provide 
direct manipulation functions [Hsu et al. 92, Hu et al. 01]. 
Alternative approaches have been proposed to speed up the deformation process [GuLe 
98], while providing a robust procedure and enabling direct constraints specification over a 
set of connected, and possibly trimmed, surfaces. 
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In the context of aesthetics, where the expression of surface smoothness and aesthetically 
pleasing surfaces cannot be restricted to a unique strain energy minimisation criterion, few 
works have set up approaches to address a variety of functionals [Gui 99, GuLe 00, XiQi 
01]. 
The adopted approach is based on the Force density Method (F.d.M) devised by Schek 
[Sch 74] and applied to a bar network coupled with the control network of a B-spline  
surface [LeTr 95]. The bar network used is made by nodes and bars joining the nodes to 
which a force is applied, determining the equilibrium status. It is topologically equivalent to 
the surface control polyhedron having the nodes coincident with the surface control points 
(see Figure 1(a) and (b)). Due to the link between the mechanical model and the surface, 
finding the correct position of the surface control points coincide with finding the new 
equilibrium configuration of the bar network depending on the given constraints. To 
increase the deformation possibilities, several topologies of networks can be considered 
starting from the nodes of the control polyhedron (see Figure 1(c) and (d)). Analogously, 
the force densities in the bar network can be globally (uniform density) or locally initialised 
[Gui 99]. 
 
s00 
s01 s02 
s03
s10 
s11 s12 
s13
s20 
s21 
s22
s23
s30 
s31 s32
s33
a) b)
c)d)
n1
n2 n3
n4
n5
n6 n7
n8
n9
n10
n11
n12 
n13
n14 n15 
n16 
 
Figure 1. Different bar networks (b,c,d) coupled with a control polyhedron of a surface (a) 
To fulfil the designer’s requirements, a set of functional and aesthetic design constraints is 
applied to the surface through position and/or tangency conditions (Figure 2(c)). Being 
each control node acting on a specific portion of the surface, only those nodes having 
effect on points of the feature influence area should be allowed to move. Correspondingly, 
the nodes of the bar network may be fixed or free to move. Similarly, continuity conditions 
among the various patches have to be transferred to the mechanical model.  
All these design constraints, geometrically expressed on the surface, cause the computation 
of a new set of external forces (Figure 2(d)), thus defining a new static equilibrium state of 
the bar network. Using the geometric coupling, new positions of control polyhedron 
vertices are obtained (Figure 2(e)), thus inducing the surface deformation (Figure 
2(f)).Considering that free form modelling is a heavy interactive process, requiring very 
frequent adjustments, it is important that the proposed deformation method is suitable for 
interactive modelling. To this aim the advantages it provides are the following [CeGo 91]: 
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• the vertex coordinates are evaluated solving a linear, sparse and banded system of 
equations. Therefore, the involved computations are well suitable for interactive 
and real-time processes; 
• the found solution is unique, it always exists and corresponds to the static equilibrium 
state of the structure; 
• the equilibrium state is fully described by the force densities values; therefore, 
controlling these parameters makes the polyhedron variation according to re-
defined criteria possible. 
Guillet in [Gui 99] proves that this deformation approach is a good compromise between the 
speed of the deformation process and the ease of parameter handling. The development of 
this approach takes into account some tests of several shape manipulation tools conducted 
by James and Pai with designers [JaPa 99]. 
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Figure 2. The different stages of the adopted deformation process 
 
4.1.1 Static equilibrium of a bar network 
Given the positions of both free and fixed nodes, the external forces at the free nodes, the 
connectivity of the bar network and the force density into each bar, the method gives the 
position of the free nodes so that the resulting bar network is in a static equilibrium state. 
The free node positions, the unknowns of the problem, are given by three vectors xl, yl and 
zl of dimension nl. The positions of the nf fixed nodes form the xf, yf and zf vectors whereas 
external forces at free nodes form the fx, fy and fz vectors of dimension nl. The force density 
into each bar is initialised at the beginning of the process and is expressed through the Q 
matrix, where Qij = qjδij with δij the Kroenecker’s symbol and qj = fj /lj the force density 
into the j-th bar of length lj. The force density qj is restricted to positive values (qj>0) to 
produce a network which is under tension everywhere and ensure robustness to the 
approach. The connectivity of the network is expressed by a branch-node matrix C of size 
nb×nn, which is subdivided into two other matrices Cl(nb×nl) and Cf(nb×nf) representing the 
connections related to respectively the free and fixed nodes. 
Finally, when defining the two matrices: Dl = tClQCl , which is positive definite, and Df = 
tClQCf,  the positions of the free nodes are given by: 
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xl = Dl-1.( fx - Df . xf), 
yl = Dl-1.( fy - Df . yf), 
zl = Dl-1.( fz - Df . zf). 
It can be proved that the computed equilibrium state always exits and it is unique [LeTr 
95]. 
 
4.1.2 Geometric constraint assignment 
When using a B-Spline model, the coordinates of a point lying on the surface and the first 
derivatives according to u and v directions are given by: 
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By coupling the surface control polyhedron with the nodes of a bar network, the Sij 
represent the free and fixed nodes of this network and: 
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where αk(u0,v0), βk(u0,v0) and γ k(u0,v0) are expressed by the Nim(u0) and Njn(v0) basis functions, 
i.e. the patch degrees, the nodal sequences and the parametric coordinates u0 and v0. 
To control the surface deformation, geometric and parametric constraints are assigned. The 
geometric constraints are identified by position and/or tangency conditions; the parametric 
ones are defined by (u,v) surface parameters: as an example, they can express the 
connection between two patches [Gui 99]. Figure 3 gives some examples of constraints 
often used and defined with the help of a reference plane. 
Each constraint Gi is expressed using a dot product: 
• Gi = PM.N = 0 for the position; 
• Gi = PM.N = d for the distance; 
• Gi = Pu.N = 0 and Gi = Pv.N = 0 for the tangency, 
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where N is the normal to the reference plane and M is an arbitrary point on it. 
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Figure 3. Geometric constraints defined by a reference plane 
During the deformation process, several geometric and parametric constraints are added to 
the target surface in order to monitor its deformation. These constraints act as parameters 
complementary to the ones defined previously (topology of the bar network, mobility of 
the nodes and the force densities on the bars), thus allowing higher level manipulations of 
the surface. 
The Gi constraints depend on P, Pu and Pv, which use the free and fixed nodes positions xl 
and xf.. The positions of the free nodes depend on the external forces fi applied to the 
network. Finally, each constraint at a point )ˆ,ˆ( vuP  can be expressed as a function of the 
external forces. The whole set of constraints identifies a constraint vector G of nG 
equations that takes part in the solution process: 
0FGGG === )(),,,,,,,,( 111 znzynyxnx lll ffffff KKK , 
where vector F of dimension 3×nl represents the unknowns of the problem, i.e. the 
external forces at the free nodes of the control polyhedron. 
 
4.1.3 Solution of the equation system 
The non-linearity of geometric and parametric constraints and the need for a fast solution 
of the equation system, justify the linearisation of the constraint vector G at the first order. 
By setting G[0] = G(F[0]) the initial constraint vector and F[0] the initial forces vector, the 
force vector at step (k+1) can be defined as: 
F[k+1] = F[k] + ∆F[k+1] 
where ∆F[k+1] is specified by the equation G[k+1] = G(F[k+1]) = 0. It defines the linearized 
equation: 
G[k] + t∆G [k] . ∆F[k+1] = 0.  (4.1) 
The terms of the t∆G [k] matrix are evaluated by the equations: 
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where Xp = t(Px,Pux,Pvx), Yp = t(Py,Puy,Pvy) and Zp = t(Pz,Puz,Pvz) correspond to the 
coordinates of the vectors P, Pu and Pv. 
The system of equations is very often under-constrained, i.e. the number of unknowns is 
greater than the number of equations (3×nl > nG). Eq. 4.1 gives (3nl-nG) linearly independent 
equations. To obtain the ∆F[k+1] vector, an objective function φ is added to Eq. 4.1, and it is 
minimised with one of the criteria developed in [Gui 99]. As an example, to minimise the 
variation of forces at each free node of the network at each iteration k of the process, the 
expression of the objective function is: φ[k] = min(t∆F[k+1].∆F[k+1]). This functional expresses 
the minimum change in shape during the deformation process. 
4.2 Curve-driven deformation feature 
Based on the method described above, a modelling feature has been proposed to produce 
deformations along lines. It requires the specification of both a desired character line to be 
modelled and a set of limiting lines specifying the deformation area to control the 
deformation extent (see Figure 4). 
 Limiting lines
Character line 
 
Figure 4. “Constraint line” feature definition. 
From a conceptual point of view, character lines and limiting lines have a significantly 
different meaning: the first indicates a shape characteristic impressed on the object, the 
second indicate the extent of this characteristic. From a feature creation point of view, they 
are similar and both correspond to line constraints. 
In order to apply the deformation method described in the previous Section, each curve 
must be discretised. Several control parameters are used to manage and control the 
deformation; some of them are intrinsic to the deformation method itself, whereas others 
are specific to the deformation feature. Particular attention has been paid to the 
minimisation of the input parameters to allow designers to easily manipulate features 
without having to limit their creativity.  
 
4.2.1 Specification of character lines 
The character line driving a shape modification corresponds to a target line in the 3D space 
that lies on the surface resulting from the deformed surface. Optionally, a corresponding 
initial line can be defined on the original surface, which indicates the position of the points 
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of the character line on it, i.e. which points of the surface have to be moved to coincide 
with those of the target line when the surface is deformed. 
These curves are the input parameters of the deformation feature. The deformation 
process is obtained by pulling points of the surface towards coupled points of the target 
line. The points of the surface come from a discretisation of the initial line, if it exists, or 
from the projections of the points of the target line on the surface. To locate and associate 
these pairs of points, several parameters are used, see Figure 5.  
Firstly, it is necessary to specify how the character line is discretised. We define the 
distribution of points along the target line in terms of the number of points Np and their 
positions depending on the distribution law. Various distribution laws have been considered 
at this stage, which are related to: 
• U parameter of the curve. It is the simplest one and expresses a constant increment 
between the points (∆U=(Umax-Umin)/Np);  
• length of the curve. It requires the computation of a curvilinear increment (∆S=length 
of the curve/ Np) between two points; 
• curvature of the curve. It allows more points to be put where the curvature is higher.  
The distribution algorithm uses a subdivision method controlled by an accuracy parameter 
to monitor the approximation.  
The result of the distribution function is a set of so-called geometric points, defined by their 
3D coordinates and the normal. They correspond to geometric position constraints; 
tangency conditions can be added to these points for more precisely driving the 
deformation. The associated parametric points on the surface can be slid around on the 
surface to reduce the number of constraints and to extend the variety of produced shapes. 
Anyhow, it is also possible to avoid such a slid, by using the free/fixed option of parametric 
points. 
To increase the deformation possibilities an evolution law of the tangent plane along this line 
can be added, which consists of the definition of a rotation law of the normal around the 
tangential vector of this line. 
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Figure 5. Specification of a character line 
         Chapter 4 
 73
Finally, to improve the behaviour of the deformed surface around the end points of the 
target line, a relaxation area is added to the feature parameter specification (Figure 6). It 
allows for the definition of a part of the curve, where the point constraints concerning 
position and tangency can be relaxed in order to avoid a undesired surface behaviour that is 
aesthetically unacceptable. The relaxation area permits the designers to express the 
uncertainty of both defining the blending area of the deformed surface between the 
limiting line and the target line and specifying the shape of the character line at its 
endpoints. 
 
Initial surface
Deformed surfaceRelaxation area
Objective line
 
Figure 6. Example of a relaxation area. 
The previously described parameters defining a character line are summarised in Figure 7: 
intrinsic feature control parameters are represented inside the outer rectangle, whereas 
those explicitly provided by the user input are external to this rectangle. In particular, Nb 
of points or accuracy is explicitly given for the target character line discretisation and is also 
adopted for the initial line treatment. Since it is possible to consider several target lines 
simultaneously, the information is not repeated in the picture; an additional brown 
rectangle Clj instead is added to indicate the corresponding additional constraint boxes.  
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Figure 7. Organisation and use of the character line related parameters. 
 
4.2.2 Specification of the influence area 
As described in Chapter 2, to effectively specify a feature the corresponding influence area 
has to be given. In order to allow any kind of deformations along a character line, in the 
implemented feature no rules are a priori defined to evaluate the influence area. The user 
has to explicitly define it boundary providing those we called limiting lines (see Figure 8). 
Designers indicate with a closed curve on a surface which part of it has to be deformed and 
which one must remain unchanged. Limiting lines can be composed of several curves 
including also surface boundary edges or portions of them; they are treated as constraint 
lines; therefore their specification and control parameters are similar to those used for 
character lines discretisation. From a geometrical point of view, such curves are defined on 
the surface and corresponds to points of the surfaces with no deformation occurring. 
However, unlike character lines, only 3D lines defined on the surface are needed, therefore 
no projection is needed and each geometric point and parametric point are coincident and 
already lying on the surface. 
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Figure 8. Example of a limiting line 
In order to prevent a surface deformation propagating outside the area bounded by the 
limiting curve, an automatic process is applied to the feature, identifying and fixing each 
node of the bar network with no significant influence over the deformation area. Boundary 
conditions are assigned to control points on the basis of a binary test stating their position 
with respect to the deformation area. All control points outside this area are fixed (those 
inside are free). On the other hand, current geometric models like B-Splines identify the 
surface area involved in the displacement of a control point Sij by using the parametric 
interval where its associated basis function does not vanish. In a successive 
implementation, the automatic process has been improved to have a feature extent as 
closer as possible to the specified influence area without any refinement of the surface by 
testing the influence of each point of the control polyhedron on the deformation area. 
Using a deformation rate under which the deformation is accepted or a surface distortion 
threshold, each control point could be either fixed or free to move according to the 
deformation process.  
4.3 The auto-adaptive process 
To guarantee that the surface best fits the constraint lines, a new deformation algorithm 
based on an incremental constraint insertion has been also proposed. 
At each step one constraint is added along each character or limiting line if the maximum 
distance dimax between the i-th line and the deformed surface is greater than a maximum 
distance set by the user, εmax. 
In fact, dimax = maxj(εimaxj) where εimaxj represents the maximum distance between i-th line and 
the deformed surface, evaluated between two constraint points of index j and (j+1) of the 
line (see Figure 9.(a) and (b)). In the particular case of a limiting line, no constraints are 
added at the first step because these lines are defined on the surface and dimax = 0. 
Even if this auto-adaptive process can work alone and starts with an undeformed free-form 
surface, it is not suitable when large displacements occur between the character line and the 
initial surface: it may not converge since the projection operators may not locate correct 
points. However, it can be coupled with other categories of constraint distributions. Before 
starting the adaptive deformation process, the surface is deformed by a first set of 
constraints (see Figure 9(c)) according to the distribution law. 
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Figure 9. (a) Two successive steps of the auto-adaptive process (b); modification of (b) to 
obtain the mixed approach (c) 
In this way good results are obtained, which are faster than those achieved with the pure 
incremental approach. Using such a procedure, we get rapidly closer to the target surface. 
Eventually, we control the distance between the line and the surface by adding constraints 
where this distance is too large, thus allowing a better accuracy and preserving the 
convergence of the adaptive process. 
4.4 Results  
In the following, some examples of use of the prototype are given. In order to show the 
improvements in shape obtained by considering the relaxation area at the target line 
extremes and by the auto-adaptive process, the Gaussian curvature map is used. Bluish 
areas represent zones with a negative Gaussian curvature, i.e. a saddle shape, reddish areas 
represent zones with a positive curvature, i.e. similar to bumps or hollows. The map is 
centred in zero with a green colour and bounding values are set to provide a wider colour 
range for the surface analysis. The considered interval is centred in zero to highlight the 
undesired undulations (however small).  
A particular attention has to be paid to the accuracy of the results in terms of the maximum 
distance between the constraint lines and the deformed surface. It is our second quality 
criterion. 
The first example shows the influence of the constraint type on the surface deformation 
applied to the same target and limiting line (Figure 10(a)). In the example a planar patch of 
degree 5 having an array of 20*20 control vertices has been considered; 30 constraints 
along a circular limiting line and 8 constraints on the character line have been defined  The 
depicted Gaussian curvature map is limited to [-0,0005; 0,0005]. Figure 10(c) shows the 
deformation obtained by considering a relative maximum deviation of 3.45 10-4 along the 
target line and 3.36 10-5 along the limiting line. The character line is slanted with respect to 
the patch parameter directions to analyse their influence on the results. Figure 10(d) shows 
the deformation results when tangency and position constraints along the limiting line are 
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also added. In this case, the relative maximum deviation is of 1 10-4 along the target line 
and 1.1 10-7 along the limiting line. The overall relative accuracy is satisfactory and Figure 
10(d) proves the control improvement on the deformation area when position and 
tangency constraints are distributed along the limiting line. In addition, Figure 10(b) and (e) 
show the effect of the relaxation area on the curvature map and the surface quality. This 
example demonstrates that the given position of the character line related to the initial 
surface cannot produce a satisfactory, i.e. smooth enough, surface from a designer’s point 
of view, whereas the concept of relaxation area significantly improves the quality of the 
result. 
 
  a) b)
c) d) e) 
Figure 10. Character line and limiting line specification over a planar patch (a); 
deformation obtained with only position constraints on both lines (c), with position and 
tangency constraints on the limiting line and position constraints on the character line (d), 
and with a relaxation at the extremities of the character line (b,e) 
The second example in Figure 11(f) illustrates an industrial configuration with a curved 
patch extracted from a door of a car provided by Pininfarina. This example shows how the 
modification can be simply obtained by the proposed deformation tool with respect to 
classical CAD software where such modification is normally obtained by decomposing the 
area into several patches: twelve patches were used by Pininfarina designer, see Figure 11(a) 
and (b). The patch is non planar and has degree 5 with about 20*25 vertices in the 
deformed area. All nodes outside the limiting line are fixed. The Gaussian curvature map 
used is limited to [-0,00005; 0,00005]. The deformation shown (Figure 11(a,b,f)) is obtained 
by 30 position and tangency constraints on the limiting line, and 15 position constraints on 
the target line. 
In term of accuracy the maximum relative deviation is 6,4.10-3 along the target line and 
3,9.10-5 along the limiting one.  
One should notice the significant number of constraints needed, corresponding to the large 
initial number of control vertices in the deformation area. This shows that methods are 
needed to increase the number of control points where the density of constraints is high. 
Hierarchical approaches can be taken into account to adapt the number of free 
deformation parameters and control the extent of the deformation area.  
The third example illustrates an industrial configuration with a deformation feature on a car 
rear bumper (Figure 12). A cut of the rear bumper (Figure 12(c)) shows the obtained shape. 
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Figure 11. An example  of feature obtained with classical CAD systems (a, b) and by our 
deformation tool (d, f) considering one target and one limiting line (c), of feature applied a 
car door (f); and the corresponding Gaussian curvature map visualisation (e). 
b)
a)
c) 
 
Figure 12. Deformation feature applied to a car rear bumper 
Finally, Figure 13 proves the influence of the auto-adaptive process of constraint insertion. 
In this example the reduction of the distance between the limiting line and the deformed 
area can be clearly seen through the successive steps. After a first distribution of 10 
constraints along a limiting line, the accuracy target is not reached (Figure 13(a)). The auto-
adaptive process adds constraints where the distance “deformed patch/limiting line” is 
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maximum and deforms the surface (Figure 13.b). A further step is necessary (Figure 13.c) 
in order to obtain the desired accuracy 
 
  a) b) c) 
 
Figure 13. An example showing the behaviour of the auto-adaptive process. Result obtained 
with 10 constraints along a limiting line, and applying two successive steps of the auto-
adaptive process (b,c) 
However, the process described may not be sufficient because there is not necessarily the 
minimum number of constraints Nc to satisfy the εmax condition. This parameter is 
important because tests have shown that a large set of constraints may be required to 
obtain models considered accurate enough from an industrial point of view, i.e. having 
distances with relative approximation of 10-4 or less. In such configurations, over-
constrained problems may occur depending on the number of constraints along the 
character and limiting lines.  
All these examples prove that the parametric directions of the patch do not influence the 
smoothness. Elongated deformation areas have not been addressed yet because of the 
number of control vertices required to obtain enough free parameters within the 
deformation area. Such examples explicitly call for approaches like hierarchical 
representations of the deformation area. 
4.5 Discussion 
In this Chapter, a first implementation of a generic deformation feature for character line 
insertion on B-spline surfaces have been described. This work has been going further, 
being the subject of a Ph.D. thesis. More advanced results have been achieved, mainly 
concentrating on a better control of the deformation. Different functionals have been 
studied to allow for a more predictable final shape. 
However, being based on continuous surfaces, continuity conditions, tangency conditions 
and so on strictly intervene and are attached to model itself. Giving the possibility to 
manipulate multi-patch and trimmed surfaces, the final model is a typical model 
represented by B-Splines. This implies that all the drawbacks occurring during conversion 
and transfer between different phases of the design belong to such a model as well.  
This suggested the possibility to adopt a discrete model, in particular based on subdivision 
surfaces to get rid of multi-patched surface problems. In the next Chapter, the insertion of 
feature obtainable by generalised sweep operations on subdivision surface is analysed.  
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Chapter 5 
A feature-based approach on  
subdivision surfaces 
Sweep-like features, features obtainable by generalised sweep operations, can be 
considered as a subclass of the detail features defined in Chapter 2. The choice of 
this type of feature is due to the expressive power in describing recurring shapes in 
industrial products. Sweep-like features have been formalised and described into 
details and a creation method has been proposed in order to insert them in a 
geometric model described by subdivision surfaces. 
The Sweep-like feature taxonomy has been partially implemented and the major 
idea sustaining the development has been creating a manipulation tool providing 
results that a designer would expect. Also the interface has been conceived to assist 
the user as much as possible in the assignment of parameters, while the geometric 
algorithms performing the feature insertion being transparent. The first part of the 
Chapter will describe the Sweep-like feature characterisation suggested. Then, the 
geometric manipulation of the geometry will be treated into details. The second 
part of the Chapter will describe the developed Graphical User Interface and 
discuss the final results. 
5.1 Sweep surfaces 
Deformations interpretable as sweep operations are rather frequent in modelling and 
respond both to aesthetic (Figure 1) and functional needs (Figure 2). For instance, 
stiffeners can fall in this category as well as some pockets included in car door internal 
panels.  
A modelling tool dedicated to sweep operations could be useful to perform such tasks 
faster. Although it is certainly possible achieving sweep deformations in common 
modellers, they are cumbersome operations since not all the system permit surface 
manipulation through arbitrary curve constraints. Moreover, the goal here is to provide not 
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only a macro-operator for subdivision surfaces, but a tool enabling a free-form feature 
based design system.  
Figure 1. Alessi’s squeezers (sweep deformations circled) 
 
 
Figure 2. Stiffeners in a car engine (by courtesy of Pininfarina Ricerca e Sviluppo s.p.s) 
More generally, sweep volume operations have been widely studied in literature. In this 
case, it is the entire surface that is created through a section and a profile. There are a lot of 
applications in different fields, not only in design. For instance, this kind of representation 
reflects the way mechanical constant-section pieces are produced (through extrusion or 
axial symmetry); it is also used to study the interferences between parts of mechanisms and 
to simulate material removal produced by a cutting tool along a fixed trajectory. Regarding 
robot manipulator workspace, dexterity, locality with respect to targets in the environment, 
and manipulability of  robots are all direct implementations of swept volumes. In military 
applications, potential collisions of two swept projectiles can be predicted; in writing scripts 
such as Chinese, Indian or Arabic, sweep methods are used to generate accurate scripts 
(seen as planar sweeps of a pen stroke along some complex curve). Finally, in ergonomic 
analysis, it is important to study the workspace of an arm or a leg in an airplane cockpit, in 
an automotive vehicle, to decide the location and orientation of instrument and tools. Such 
issues have been treated by several researchers both for continuous and discrete surfaces 
[BlLe 90, ElKi 99, Jak 93, SeWy 97, TaLo 96, Lee et al. 00, Par 03]; see Appendix A for the 
basic treatment of a swept surface by means of NURBS. 
However, the solutions proposed in literature do not fit the goal of this thesis. In fact, only 
the geometric aspect is treated: at most, they provide a creation method for a possible 
feature. But, more than this, they deal with stand-alone surfaces: no answers are given to 
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evaluate localised sweep operations on a surface. On the other hand, boss/pocket-like 
feature class defined in the next Section 5.2 can be seen as sweep volumes where the first 
section lies on the primary surface. Thus, some approaches cited could be adapted for the 
creation of such a geometry. Nevertheless, it has to be noticed that boss-like and pocket-
like are treated as styling detail features, affecting a small portion of the surface; therefore, 
long and complex -possible self-intersecting- tubular structures cannot be considered as 
belonging to the proposed taxonomy. 
5.2 Sweep-like features 
5.2.1 Taxonomy 
Sweep-like features produce a deformation obtained by propagating a profile s (section) 
along a specific curve d (directrix). Such features have been classified according to the 
scheme in Figure 3. From now on, they will be also indicated simply as sweep features. 
 
Boss / Pocket-like 
Constant 
Monotone 
MIxed 
Bump /Cavity-like Mixed 
Rib / Groove-like 
Constant 
Monotone 
Mixed 
Sl-Features 
 
Figure 3. Sweep-like Features taxonomy 
These classes are characterised by the properties of the two driving curves (whether open 
or closed) and their position with respect to the surface to which the feature has to be 
applied. Both can be either closed or not and can lie either on the surface or not -but not at 
the same time. The distinction between boss and pocket, rib and groove, bump and cavity is due 
to the direction of deformation with respect to the object to which it is applied: towards 
the exterior (extrusions) or the interior (intrusions), respectively. 
If the section is a closed curve lying on the surface and the directrix is an open curve in the 
3D space, a Sl-Feature belongs to the boss/pocket-like. If the section is open, the directrix 
must lie on the surface and the feature is a rib/groove-like or a bump/cavity-like. Since sections 
can vary in size along the directrix, additional sub-categories have been specified 
introducing the concept of scaling function sf associating a scale factor to each point of the 
directrix. 
Then, the Sl-Feature can be seen as a couple (C, sf), where C indicates the class of the 
feature (Pocket, Boss, Rib, Groove, Bump, Cavity) and sf the associated scaling function.  
Let be  
d: [0,1]=I →ℜ3 
t → d(t) 
the directrix; we define a scaling function 
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sf: I → ℜ 
The following subclasses have been identified in accordance with the definition of sf, 
dependent on the curve length evaluated on the directrix. 
Constant Sl-Feature. The section is unaltered along the directrix. In this case, sf is a 
constant function: 
sfc(t)→kconst. 
Monotone Sl-Feature. The section size decreases or increases monotonically. If L is the 
length of the directrix curve and l(t) the length in the interval [0,t], we define  
10
)()()( k
L
tlk
L
tlLtsf m +−=  
where k0=sf(0), k1=sf(1). It can be noticed that the Sl-Feature is increasing if k0<k1, 
decreasing if k0>k1. 
The above scaling function is an interpolation between the values at the endpoints, 
weighted with respect to the ratio between the length of the directrix at the current 
evaluation point and the length of the whole directrix. This choice aims at producing a 
smooth evolution of the feature along the directrix. In fact, the directrix can be in principle 
represented arbitrarily and this include non-uniform representations too; a linear 
interpolation function would have not taken into account the shape of the directrix but the 
parameterisation of the curve; on the contrary, length is a better indicator of the evolution 
of a curve. 
For the sake of simplicity, we indicated here a uniform scaling function, but there is no 
conceptual difference if distinct functions are defined in the width and height direction of 
the section. It is even possible to apply the scaling only to one direction as in the example 
of the “hat” in Figure 3, where the height is scaled but the width remains constant.  
Mixed Sl-Feature. It is so-called if the sweep combines constant and monotone parts. 
This means  
I =Ui=1,..,nIi  ,     Ii  ∩ Ij=∅,    ∀i≠j 
sf(t)|Ii= sfi (t), where  sfi (t): Ii→ℜ  s.t.  sfi (t)∈{sfc (t), sfm(t)}, 
For this class, the user has to specify the starting points of the different portions, i.e. Ii, 
with the associated characteristics, i.e. the corresponding sfi.  
A very common case of mixed Sl-Features is given by the juxtaposition of two monotone 
parts joined at the common minimum or maximum, respectively. Here:  
0
1
( ) ( ) ( ) ,            if 0
( ) ( )
( )
( ) ( ) ( ) ,       if 1
( ) ( )
l t l t l tk k t t
l t l t
sf t
L l t l t l tk k t t
L l t L l t
− + ≤ ≤=  − − + ≤ ≤ − −
 
where k0=sf(0), k1=sf(1) and ( )k sf t= , with (0,1)t ∈ , is the relative maximum or minimum 
of sf.  
Ribs and grooves, as well as bosses and pockets, may contemplate the three different 
possibilities, while bumps and cavities can be only mixed since, by definition, sf(0)=sf(1)=0. 
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In Figure 3, examples of a cavity (mouth), a constant groove-like (on the neck), monotone 
(pieces composing the skirt) and variable rib-like (hat) are shown. 
Figure 3. Examples of the different Sl-Features (by courtesy of Alessi s.p.a)  
For predefined shapes of sections, it is possible to give dimensional information (e.g. 
height, width) to immediately create families or patterns of features on the surface.  
 
5.2.2 Sweep features as detail features 
Sweep-like features can be considered as a subclass of the detail features described in 
Chapter 2. They are features with a strong linear impact, thus corresponding to the effect 
of character lines. In particular, sweep features have been devised to be inserted in a 
second modelling phase when the overall shape has been already settled, affecting a limited 
area of the surface.  
Coming back to the modelling classification given in [Fon et al. 00], such features are 
characterised by a deformation law. Mathematically speaking, it is certainly possible to find 
an homeomorphism between the influence area of a sweep feature and the sweep surface 
itself, since they are both homeomorphic to a plane. In addition, the insertion of a sweep is 
even an elastic deformation in the practical hypotheses considered (i.e. the surface is 
regular and no holes are permitted in the influence area). 
Relatively to the topological classification, which takes into account the topology of the 
influence area, sweeps can be internal, border and channel features; channel features are 
obtained from a closed directrix: this means that only rib/groove-like may give rise to 
channels. The deformation operator described in the next Section covers internal and 1-
channel sweeps, but there is no conceptual difficulty to extend the treatment to the border 
of a model (0-channel sweeps); more complicated the extension to n-channels, with n>1 
due to self-intersections, unavoidably occurring in that case.  
With regard to the morphological classification, extrusions and intrusions are allowed, but 
the sweep feature not always is a shape preserving feature. In fact, since the directrix and 
the section can be arbitrary, concavity/convexity and flatness may not be respected. A 
simple example is given by the insertion of a rib-like in a plane: all the flat points of the 
plane are mapped to convex points. On the contrary, if the directrix is a simple direction, 
bosses and pockets are shape preserving features, in particular corresponding to 
Constant groove 
Monotone rib Cavity 
Mixed rib 
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displacement features. Rib/grooves and bump/cavity are feature with a leading line (the 
directrix) belonging to the surface: Definition 2.14, related to the simplicity of a 
deformation, can be applied in this case and they will be simple features around d if the 
section does not have inflection points, compound otherwise.  
The formalisation in Section 5.2.1 permits to define the parameters of a possible sweep 
feature class. Shape parameters include the section, the directrix and the scaling function. A 
creation method is going to be proposed, which implement the insertion of a sweep through 
its shape parameters, applicable if the underlying geometry is represented by Catmull-Clark 
subdivision surfaces. It has to be noticed that, although the sweep has a linear behaviour, it 
is a surface-driven deformation feature (see Section 2.6), since the directrix and the section 
are both defining parameters.  
The location and orientation parameters are here derived parameters: the position of the 
directrix on the surface and the method used to correctly place the section with respect to 
the mesh identify the influence area univocally, which can be then easily calculated. 
Regarding continuity conditions, their freedom is limited in the context of subdivision surfaces. 
In fact, they are strictly connected to the subdivision scheme used and the regularity of the 
surface topology. The Catmull-Clark scheme here adopted provides high regularity and 
smooth surfaces are obtained at the end of the process. On the other hand, if sharp edges 
were preferred at the boundary of the feature, they would be easily imposed since the 
problem of creasing edges of a subdivision surface has been already solved, as reported in 
Chapter 3. Regarding constraints, a parameter check is performed before instantiating the 
sweep feature and validity conditions will be discussed in Section 5.4, whereas validation 
has not be treated yet. 
5.3 Sweep feature insertion 
For the prototype implementation it has been decided to focus on the classes of 
Rib/Groove and Bump/Cavity features, since more oriented to modelling deformations 
corresponding to character lines of the objects.  
A great attention has been paid to define tools able to guiding the user to provide the 
required and correct input data according to the feature type. In fact, one of the aspects of 
CAD systems most upsetting designers is the lack of a sufficiently clear feedback on wrong 
input parameters. When approaching a new system, users frequently complain that they are 
not supported enough in understanding the right parameter sequence; even if accustomed 
to the system, they have usually to spend a lot of time in figuring out the problem when 
they obtain bad results -or no results at all- due to a mistake in the given parameter values.  
The process is conceptually composed by three parts that will be described separately in the 
next Sections.  
Initially, the process handles the parameters of the feature in order to create the feature 
surface. The first operation done is a consistency test on the input data according to the 
feature type. Then, the section and the directrix are manipulated for the successive phase. 
The second step builds the feature itself from the section and the directrix data as a 
separate discrete surface. 
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The third stage modifies locally the initial surface. The influence area around the directrix is 
defined such that its boundary corresponds to the one of the feature surface. Finally, the 
initial surface and the feature surface are glued together along the common boundary. 
One of the main advantages of subdivision surfaces is the capability of working at different 
levels of refinement. For efficiency purposes, if the subdivision surface to be modified is 
refined at a level n, the feature insertion is performed at a level k, with k<n; by default k=n-
1. In fact, the feature to create is a detail feature, inserted in a second step of the modelling 
phase: the product model is generally a rather refined surface, i.e. the number of mesh 
points is fairly high, and then heavy for manipulation. Therefore, it has been decided to 
operate directly on a coarser level of refinement, inserting a coarse version of the feature 
that will eventually be refined together with the entire surface.  
In the algorithm, the Catmull-Clark scheme is adopted (see Appendix B for theoretical 
details). The initial tessellation is quadrangular almost everywhere, similarly to a NURBS 
control polyhedron, and it converges to a bi-cubic a. e. at the limit. In this way, the new 
geometry can be understood and manipulated by designers in an easier way.  
In subsection 3.4.6, literature concerning subdivision surface with constraints has been 
mentioned. Some of the approaches cited, such as [NaAb 02, Mor et al. 01] are conceived 
for the creation of a new subdivision surfaces, then not suitable for editing purposes, which 
indeed constitute the goal here. Others [KhSc 99, Bie et al. 01a] deal with linear constraints: 
once the constraint curve is localised on the surface, only a displacement operation is 
performed. These techniques cannot handle two-dimensional constraints, as required to 
insert sweep-like features in a subdivision model. Finally, works allowing for the 
prescription of an arbitrary network of curves, as [Lit et al. 01a], require that all the curves 
are explicitly given. On the contrary, feature-based approaches derive the geometry of the 
feature surface from the only shape parameters; in the particular case of sweeps, only two 
curves are the input parameters. 
5.4 Parameter check and elaboration 
According to the specific Sl-Feature type, a different number of parameters needs to be 
considered for generating the desired shape. 
In all the cases, the defining parameters s (open curve) and a directrix d must be specified. 
In addition, the starting points of each portion in which the Sl-feature is decomposed have 
to be chosen on the directrix; the first endpoint of d has to be selected also when there is 
only one portion in order to handle correctly asymmetric behaviours of the features.  
We give the users the possibility to initially scale s of a factor α  in order to allow them to 
instantiate already defined curves, e.g. corresponding to shape archetypes or to create 
patterns, without having to treat separately the curvilinear parameter to provide. Note that 
α is set equal to 1 by default; then, the input values of the scaling function sf previously 
introduced have to be chosen starting from s’=α s. 
For constant ribs/grooves no additional parameters are needed and no consistency check is 
necessary: sf(t)=1, ∀t∈[0,1]. In theory, it should be verified that the input section do not lie 
on the surface.  To make the re-use of already created curves effortless, the user is allowed 
to place the section arbitrarily in the workspace; then, it is the algorithm which takes care to 
locate the section in the right position on the surface. 
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In case of monotone ribs/grooves, the given section s is placed at the first endpoint of d and an 
additional factor specifying the ratio of the final section of the sweep surface is needed, i.e.: 
sf(0)=k0=1; 
sf(1)=k1, k1≥0. 
For mixed ribs/grooves, s is the maximum/minimum section; two scaling factors are required 
for each portion in which is decomposed, i.e. 
sf(0)=k0, k0≥0; 
sf(1)=k1, k1≥0. 
For bumps/cavities sf(0)=sf(1)=0 by definition; in addition, sf( t )= k =1, where t  indicates 
the position of the maximum section. 
Depending on the specific feature type, some checks on the values of the provided 
parameters have to be performed in order to avoid inconsistent situations. Examples of 
consistency checks are: 
• Monotone rib/groove: d(0)≠d(1) and  sf(0)≠sf(1); 
• Mixed rib/groove: if d(0)≠d(1), (0,1)t ∈ ; if d(0)=d(1), then sf(0)=sf(1); sf is continuous, 
i.e. )(lim)(lim 1
1
tsftsf i
It
i
It ii
+∂→∂→ −++
= ; 
• Bump/Cavity: d(0)≠d(1).  
Geometrically speaking, the constraint lines can be given arbitrarily, both as polygons and 
as B-Splines. For the sake of simplicity, the section is assumed to be planar, but this choice 
covers most of the practical needs during the modelling phase.  
Since the feature surface to create is a tessellation, a discretisation of the two curves is 
necessary. The control points of the section are retrieved (a polyline can be seen as a B-
spline of degree 1). Using the Catmull-Clark scheme, tending to a spline, the refinements of 
the curve can be maintained consistent with the ones of the surface. 
In the implementation, the directrix has to be discretised such that it belongs to the edges 
and the vertices of the mesh. At present, it is directly built as a polyline fitting some edges 
of the mesh, supposing the error ε between a proper sampling of the curve and the vertices 
of the initial surface is small enough, i.e. ∀i=0,…,n-1, |d(ti)-vi|<ε<ε0, where vi are vertices 
of the initial surface and ε0 is a fixed threshold. 
5.5 Feature surface creation 
The philosophy embraced in the insertion algorithm has been to modify the surface such 
that the result is as close as possible to what a user could intuitively expect. This means to 
create the surface of the Sl-feature favouring the linear effect implicit in the definition of 
the feature and a smooth evolution along the directrix. The definition of the scaling 
function as in Section 5.2 goes into the latter direction. On the other hand, the linear visual 
appearance is more evident if the Sl-feature is constant: such a shape must be preserved 
independently of the mesh local characteristics and topology. Another point to take into 
account is the relationship between the feature and the surface in which it is inserted. A 
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sweep-like feature is a detail feature, added when the overall shape has been already 
defined. Preserving the design intent in this case means to give higher priority to the 
surface geometry than to the feature one; in other words, this means to adapt locally the 
feature surface to the morphological characteristics of the initial surface. 
Generally speaking, a sweep surface can be naturally thought as a surface where the 
polygonal section and the directrix are isoparametric curves. Thus, the control network of 
the sweep surface is here created such that the directrix and the copies of the section along 
it would generate isoparametric curves of a tensor product surface. The obtained 
tessellation forms a part of  the base control polyhedron of a new subdivision surface.  
First of all, the discretised section s%  is duplicated n times as the number of vertices of the 
directrix d. A local coordinate system Lc is associated to s%  in order to place the various 
sections consistently with the underlying mesh. Supposing that s has m control points, the 
local coordinate system chosen for s%  is given by  
Lc( s% )={O’, X’, Y’, Z’}={(Sm-1-S0)/2, Sm-1-S0, (Sm-1-S0)^ N% , N% }, 
where Sm-1, S0 are the endpoints of the section and N%  is the normal at the plane containing 
the curve (see Figure 4(a)). Each copy si is positioned such that Lc( s% ) is transformed into 
the local reference system  
Lc(si)={ vi ,Ti, Ni, Ti^Ni},  ∀i 
where Ti is an appropriate tangent in vi and Ni the normal to the mesh in vi, as shown in 
Figure 4(b). Clearly, in case of grooves and cavities, we consider -Ni. In this way, the 
feature surface will adapt to the behaviour of the initial surface determined by the normal 
direction. Analogously, it takes into account the behaviour of the directrix, in particular its 
local curvature, through the choice of a proper tangent: Ti=bi^Ni, being bi the direction of 
the bisector of the angle θ between the edges of d incident to vi. (see Figure 5).  
 
(a) (b)
 
Figure 4. Assignment of a local frame to s% and (b) duplication of s%  along d 
While positioning each si, the values of the scaling function in ti are evaluated, depending 
on the feature type and the given scaling values: as already remarked, the choice of sf as 
defined in Section 5.2 guarantees a smooth size variation to avoid undesired effects. 
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Figure 5. The angle θi evaluated onto the directrix (in orange) 
Since the directrix may be arbitrary, it does not necessarily follow a specific direction: 
corners may be present and can be recognised by the amplitude of angle θ. In order to 
avoid shrinking effects, clearly visible if the Sl-feature is constant, each section is resized. In 
Figure 6. (top), a directrix (dotted, green curve), the sections correctly positioned on the 
mesh (magenta segments) are shown in the top view; the blue curves shown the shrinking 
effect in the constant case, whereas Figure 6. (bottom) adds the curves (dotted, orange) that, 
when subdivision refinement steps are applied, provide the effect expected when 
instantiating a feature with constant behaviour. Considering how the local coordinate 
system is defined for s% , it can be noticed that the shrinking happens along the local x-axis 
(i.e. the vector Ti). The relationship to exploit in order to preserve the feature shape is 
therefore the following: 
,   ' ' ,   with  1/ cos
2s S S
S CV x x θβ β∀ ∈ → =% , 
where sCV%  is the set of the points of s%  and the prime indicates that the calculations are 
performed in the local frames. If θ =π, the section does not need to be resized since the 
two edges are collinear. The angle θ between edges is evaluated projecting the two vectors 
onto a common plane. 
Figure 6. (top) A directrix (dotted, green), the duplicated sections (magenta) and the 
boundary of the consequent constant Sl-feature surface from the top view (bottom) the 
desired boundary of the feature is added (dotted, orange) for comparison 
vi
θi
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Another aspect we have considered after duplicating the sections is the correspondence 
with the mesh. In fact, the section endpoints do not generally lie exactly on the mesh, but 
they can totally or partially be over or below (see Figure 7). It has been chosen to calculate 
the intersection points between each section and the surface itself and then to move the 
section endpoints to the obtained intersections (if the section does not intersect the mesh, 
the extension of the end segments will do it). In our opinion, such a choice better preserves 
the design intent. In fact, we are namely considering details features which intrinsically have 
a limited size with respect to the entire surface: modifying the geometry of the sections in 
this way corresponds to give a priority to the underlying surface shape and, at the same 
time, does not alter the specific section too much. The other considered option was to 
rotate and possibly translate the sections such that their endpoints were closer to the initial 
surface, torsions would have appeared on the feature surface. 
 
 y 
x
 
Figure 7. Relative positions (profile view) of the copies of s%  with respect to the mesh 
(darker line) 
When all the sections are adapted, the topology of the feature surface can be finally 
computed in analogy with tensor product surface organisation. The points of the new 
subdivision surface can be thought as stored in a (m x n) matrix  
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where Mf stays for feature mesh, the number of rows is m, as the number of control points 
of each section, the number of columns is n, as the number of vertices of the directrix, Sij is 
represented by the i-th control point of the section sj correspondent to the j-th vertex 
(Each column gives the control points of a section). Mf gives also the connectivity: the 
quads constituting the mesh are represented by the submatrices of dimension 2 of 
contiguous rows and columns. 
5.6 Surface modification 
The third step performs a remeshing of the influence area. The hypotheses under which 
the remeshing has been conceived are that the Sl-feature is inserted in the interior of the 
initial surface and that the intersections found in the previous step -constituting the 
boundary of the feature to insert- fall in the 1-ring of the directrix. The latter is not very 
restrictive in our case since we are considering detail features inserted mainly to enforce the 
effect of the character lines, and essentially having a linear behaviour; since the feature 
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insertion occurs at a coarse refinement level, the modification is concentrated around the 
edges constituting the directrix. 
The intersection points previously calculated are now added as new vertices of the 
tessellation, while the ones of the trajectory removed. To illustrate a generic step of the 
local remeshing, let P be an internal vertex of the directrix, Ps the successive point in d, P1 
and P2 the points inserted at the previous step, P1s and P2s the intersection points of the 
section relative to P to insert as the successors of P1 and P2, respectively (Figure 8(a)). 
First ∀j=1,2, the edges incident to P comprised between the edges Pj-P and P-Ps are 
modified substituting the vertex P with the point Pjs. Then, the edges Pj-Pjs are created, 
together with the temporary edges Pjs-Ps (since they will be eliminated at the next step), 
while P-Ps, edge of d, is deleted.  
In Figure 8(b), the new faces Ftj, adjacent to the temporary edge Pjs-Ps, are tagged as 
temporary, while all the other modified faces are tagged as definitive. 
Figure 8. Updating the original surface in the neighbourhood of  a regular point P on d 
according to the s% extremes P1s and P2s 
The procedure has been described is the case that the point P is a regular point in the 
subdivision surface, but the algorithm also works if P is an extraordinary vertex. If P has 
valence 5, the remeshing step is shown in Figure 9.  
Figure 9. Updating the original surface in the neighbourhood of  an extraordinary point P 
on d according to the s% extremes P1s and P2s 
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The topology updated in this way preserves the structure of the mesh. In fact, the strategy 
has been thought to be able to apply the Catmull-Clark scheme in the regular case for the 
most vertices of the considered area: quads and triangles are kept quadrangular and 
triangular, respectively, and concave faces cannot be created in the general case. In critical 
situations where a concave face appears, the face is split in two triangles. Nevertheless, 
triangular faces have to be created in correspondence with the initial and final sections. An 
additional point Pa is considered for each extremes of the directrix to join the new quads 
with the old ones, as shown in Figure 10. Pa is, among the vertices of the initial mesh 
adjacent to P0 or Pn-1, the one most collinear to P0 or Pn-1, where collinear is used as 
previously specified. The choice aimed at maintaining the directionality of d for a better 
transition to the region outside the influence area. In this case, a limited number of 
extraordinary points is created, but they are isolated. 
 P1
P0,n-1
P2s
Pa
P2
 
Figure 10. Remeshing at the end points of d, P0,n-1. 
If the directrix is closed, the general algorithm still holds: only the choice of the additional 
points changes. The points of d are even now stored sequentially in a vector. The additional 
point Pa relative the first section (and to P0) is the last point in the vector Pn-1. Conversely, 
the additional points relative to the last section become the intersection points 
corresponding  to the first section; consequently, the  temporary edges from Pn-1 to the first 
couple of intersection points created in the first step of the algorithm are deleted. 
There is no conceptual difference if the creating feature is a bump or a cavity. In fact, this 
the general case can be followed, since no additional points are needed to treat the 
extremes; in fact, the first and the last vertex of the directrix are now used, and the actual 
(not collapsing) sections are n-2. No further triangles are added in this case on the mesh. 
The treatment is analogous if only one of the extreme sections is vanishing, as may appear 
in monotone or mixed sweeps. 
A critical case can happen if the directrix is directrix is open, but the additional point 
relative to Pn-1 coincides with one of the Pi. The problem here is that Pi does not exist 
anymore at the last step; then, the intersection point of the i-th section connected to Pn-1 
(accordingly to the generic remeshing step, exactly one of the two is connected) is chosen 
as additional point at the last step.  
The final operation to perform is gluing the modified surface and the feature hull (see 
Figure 11). It can be done with no approximation, since there is a one-to-one 
correspondence between the boundary of the feature surface and the created hole in the 
surface itself. Clearly, the gluing phase consists of merging the corresponding edges and 
vertices such that the final surface model is maintained two manifold.  
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Figure 11. The feature surface and the initial surface are glued together along the 
correspondent boundary 
5.7  Graphical User Interface and prototype deployment 
The algorithm proposed in this paper has been developed in Maya by Alias|wavefront 
[Maya] commercial modeller which supports subdivision surfaces together with more 
common geometric representations.  
It has been implemented as a stand-alone plug-in with its own user interface. In Appendix 
C a short description of Maya and its functionalities is given; moreover, technical 
information about the implementation, i.e. code organisation, data structure, embedding in 
Maya environment, is included. 
The plug-in is activated with an icon (see Figure 12) and the first window opens. The 
surface is selected at the level of refinement suitable for the insertion of a Sl-feature. 
Figure 12.  Sweep-like Feature plug-in activation 
Sweep-like 
Feature 
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The first windows assists the user in the definition of the Sl-feature to insert (see Figure 
13). The first options allows for the selection of the feature type (Rib-like, Groove-like, Bump-
like, and Cavity-like) and the behaviour (Constant, Monotone, and Mixed). A thumbnail shows a 
representative shape of the selected feature. In the example of Figure 12, a mixed rib-like 
has been chosen. In case the feature is mixed, a box to define the number of portions in 
which the feature is decomposed is enabled (in the other two cases, this option is disabled). 
For each interval, the constant or monotone behaviour has to be selected and the scaling 
values at the extremes of each interval have to be set. On the right, a box summing up the 
already set input parameters is shown to avoid selection errors.  
Figure 13. GUI: first window  
However, before proceeding to the second window, the consistency check described in 
Section 5.4 is carried out and the possible mistakes are claimed  in new windows activated 
by the “Show Errors” option. In Figure 14, a mistake in assignment in the second portion of 
a mixed sweep has been detected. A frequent need of users during the design phase is the 
insertion of the same feature in different places on the surface. Hence, we give the 
possibility to create patterns, specifying the number of desired items such that the user has 
to give these parameters of the feature once and has to repeat only the curve selection to 
position the other pattern occurrences. 
Figure 14. “Show errors” window 
The second window (see Figure 15) assists the designer in the selection phase. Below a 
recap of the characteristics of the Sl-features, an ad hoc message lists the selection steps on 
the surface. First, the edges of the directrix have to be selected; then the section –included 
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in the same 3D space but possibly positioned anywhere - and finally the starting vertices of 
each portion. In case of patterns, this sequence of operations has to be repeated as many 
times as the number of items; the current item is shown and updated at each iteration. 
Figure 15. GUI: second window 
In Figure 16, the selection phase is shown. 
Figure 16. Geometric selection of d , s and starting points of each portion on the surface 
5.8 Results 
To validate the proposed approach for the manipulation of free-form surfaces based on 
feature philosophy, two classes of examples have been provided.  
The first is more related to the automotive context. Since the thesis addresses to the 
industrial framework, and in particular to the early phases of the design, a feasibility test has 
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to pass through real models suitable for the insertion of sweep features. On the other hand, 
it is difficult to be supplied with models by industrial companies, especially from the 
automobile field due to secrecy needed to tackle competitors. Among the partners of the 
European projects FIORES and FIORES II [FIO, FIO-II], Pininfarina Ricerca e Sviluppo 
s.p.a. provided us with few models of cars and car parts. As traditionally, the models are 
geometrically described by multi-patch trimmed NURBS surfaces, incompatible with the 
subdivision surfaces.  Thus, the first step consisted in properly converting the models in 
polyhedrals to initialise the subdivision process. Such an operation has been performed 
within Maya, which support conversion functionalities between different geometric 
representations. The only conversion was not sufficient because of the multi-patches and 
trimming: in fact, the provided conversion option creates separate meshes, one for each 
surface; then, a time-consuming process to glue the various meshes, to cut away set 
corresponding to the trim areas, to adjust normals, to localise points, and so on, has been 
necessary. In the end, the final surface (i.e. after few refinement steps) was a very good 
approximation of the given NURBS model (in terms of smoothness and visual 
appearance). As already said, the insertion of a Sl-feature occurs at a coarser level, and 
finally the surface is refined again to assume its definitive shape. 
The second class of examples is related to consumer appliance models. In fact, the number 
of Sl-features which are realistic on a car is limited. Since the given classification allows for 
a wide variety of shapes, several examples on different objects have been provided in order 
to show the power of the proposed tool. The objects have been created within the 
modeller directly, as subdivision surfaces in this case.  
5.8.1 Results on car models  
The first example shows the result of the insertion defined in Figure 12 and Figure 16. A 
mixed rib-like feature has been inserted in the lateral side of a Ferrari Modena by Pininfarina. 
The character line, i.e. the directrix, is an open curve; the feature is composed by two 
monotone parts joined with a constant one. In this example, the rib has been chosen to 
vanish at the extremes. Figure 5.12 shows the final shape with the feature inserted. 
 
Figure 17. Mixed rib-like inserted on a lateral side of Ferrari Modena by Pininfarina 
Another test has been performed on a car door still by Pininfarina (this is the same model 
used in Chapter 4). In Figure 18(a), the refinement level where the Sl-feature have been 
inserted can be seen; it can be noticed how coarse is the mesh at this stage. In Figure 18(b), 
the final surface is shown. Two features have been added: a mixed groove-like to model the 
handle cavity and  a constant rib-like just for aesthetic reasons. The handle cavity has been 
modelled with a mixed groove-like rather than a simpler cavity-like to obtain a rounder and 
soft shape at the extremes of the directrix (two horizontal edges in this case); with a cavity-
like the sections would have vanished at the endpoints and a sharper and unnatural effect 
would have been resulted. 
         Chapter 5 
 98
Figure 18. (a) The car door at the refinement level where the insertion has been performed 
and (b) at the final refinement level after the insertion of the handle cavity and of a constant 
rib-like 
A more complete test study has been done on another Pininfarina model, this time the 
surface represents a whole car. Figure 19(a) shows the shaded surface at the final level of 
refinement; no visual difference with a continuous surface regarding smoothness can be 
perceived. Figure 19(b) shows the mesh as visualised in the modeller (the mesh is actually 
finer than that displayed).  
Figure 19. (a) Shaded surface at the final refinement level and (b) the displayed tessellation  
In Figure 20 the surface at the insertion level is shown, in the shaded and tessellated 
version, respectively.  
Figure 20. (a) Shaded surface at the insertion refinement level and (b) the displayed 
tessellation 
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In this case, several Sl-features and patterns have been inserted in the car model. First, 
there is a pattern of four monotone ribs-like on the lateral front side (see Figure 21). 
 
Figure 21. Pininfarina car model after the insertion of Sl-features; 
monotone ribs-like have been highlighted 
Then, a pattern of two mixed ribs-like has been added on the hood to model the headlight 
and the indicator container, as depicted in Figure 22. 
Figure 22. Two mixed ribs-like are inserted on the hood 
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Finally, two mixed ribs-like (vanishing at the endpoints) and a constant groove-like 
modelling the gap between the doors have been inserted (see Figure 23). It can be noticed 
that the last feature respects the uniform behaviour closed to the corner, as explained in 
Section 5.3. Moreover, this is also an example of intersecting Sl-features (the ribs with the 
groove), showing that the proposed manipulation algorithm is stable and that the results 
respect the subdivision surfaces properties and conditions.  
Figure 23. Insertion of a groove-like and two mixed ribs-like on the lateral side 
To conclude this complex example, Figure 24 shows the final shaded surface after the 
insertion together with its final tessellation. 
Figure 24. Final shaded surface after the insertion together with its final tessellation 
 
5.8.2 Results on consumer appliance models 
The first example is a very simple shape: a sort of tablet, employed to exemplify the use of 
the “Create pattern” option. In Figure 25 the result is shown: as usual, the shaded version 
is juxtaposed to the tessellated one, both at the final refinement level. What can be 
remarked in this example is the fact the refinement process permit to obtain smooth 
surfaces also where the features are close to each other. The inserted Sl-features are 
constant ribs-like with a closed directrix. 
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Figure 25.  An example of a pattern on a tablet 
In Figure 26, insertions in a vase of constant rib-like features with different parameters are 
shown. In Figure 27, a pattern of cavity-like features is inserted on the entire vase.  
In all the examples shown so far, the section is a cubic spline placed anywhere in the 3D 
space; the user can either select the section in the current system workspace if present, 
create it or import it from a saved file. Regarding the directrix,  this is a closed curve in the 
vase of Figure 26 and an open curve in the vase of Figure 27.  
The Figure 26(a) and Figure 27(a) show the feature inserted at a coarse level, whereas the 
Figure 26(b) and Figure 27(b) the final surface eventually refined as desired. 
 
(a) (b)
 
Figure 26. The insertion of constant rib-like features (a) at a coarse level and (b) after a step 
of refinement 
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(a) (b)
 
Figure 27. The insertion of a pattern of cavity-like features (a) at a coarse level and 
(b) after a step of refinement 
In Figure 28, insertions of constant Sl-Features in a bottle are shown. At first, a rib-like is 
created to model the enlargement around the neck; then, a decorative pattern of grooves is 
added. In both cases the section is a cubic spline lying in the 3D space; the directrix is a 
curve on the surface, closed and open respectively. The Figure 28(a) shows the features 
inserted at a coarse level, whereas in Figure 28(b,c) two successive refinement steps are 
applied.  
(a) (b) (c)  
Figure 28. The insertion of a rib-like (neck) and of a pattern of groove-like features at a 
coarse level (a) and after two steps of refinement (b,c) 
The next object, completely modelled within the plug-in, is a squeezer. Starting from a 
composed revolution surface, a constant rib-like with a closed directrix is added on the 
base, while all the hollows were modelled with a pattern of monotone grooves-like. The 
result is depicted in Figure 29. 
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Figure 29. A squeezer modelled with the Sl-feature plug-in 
Finally, another example of mixed rib-like insertion on a vase (see Figure 30). This time the 
aim is to prove that a significant variation in the scaling function values along the directrix 
does not affect the quality of the feature inserted. The number of portions in which the 
feature is decomposed is seven, at the endpoints of d there are two monotone parts 
vanishing to a point; the other portions combine monotone and constant parts.  
Figure 30. Insertion of a pattern of two fake handles on a vase 
5.9 Discussion 
Sweep-like features have been formalised in this Chapter, as subclasses of the detail 
features introduced in Chapter 2. A creation method has been proposed in order to insert 
them in a geometric model described by subdivision surfaces and implemented as a stand-
alone plug-in of a commercial modeller. During the development, great attention has been 
paid to fulfil designers’ requirements both from the geometric and interface point of view.  
On the one hand, the created manipulation tool aims at providing results that a stylist 
would visually expect. Some tests have been done on real car models, showing that the 
employment of subdivision surface as an alternative to NURBS seems promising. With a 
couple of steps of the refinement process, the final surface looks highly smooth.  
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On the other hand, the interface has been conceived to assist the user as much as possible 
in the assignment of parameters, while the geometric algorithms performing the feature 
insertion being transparent. 
The present algorithm does not deal with a generic directrix and the future work includes 
the handling of such a curve when it does not precisely coincide with the edges of the 
tessellated model. In the case that it is given as a B-spline, a discretisation process will be 
considered: if the points of the original surface are not sufficient for an acceptable 
sampling, a local refinement and a replacement of the surface control points are planned.  
Another restriction is given by the hypothesis that the intersections of the various sections 
with the surface fall in the 1-ring of the directrix. But we are considering detail features 
inserted mainly to enforce the effect of the character lines, and essentially having a linear 
behaviour; moreover, the feature insertion occurs at a coarse refinement level, where it is 
reasonable that the modification is concentrated around the edges constituting the 
directrix.  
In addition, pocket-like and boss-like features will be implemented to complete the 
creation method for all the sweep categories identified. 
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Conclusions and perspectives 
 
The thesis can be considered a multi-disciplinary work, aimed at the communication 
between product and geometric modelling. Technology progresses, but also research in the 
field of computer graphics offers advanced expertise: the issue is orientating part of the 
research activity towards the application and exploiting results already achieved. 
The main goal of this thesis is proposing a feature-based approach for modelling in 
aesthetic engineering. By adding semantics in product modelling, features have shown their 
power providing a solution both to support easier design creation and reuse, and to 
preserve design intent and help reasoning along the development process. The benefits of 
such an approach are valuable also in the early phase of the design, but the introduction of 
free-form features in this field is a challenging issue: from the one hand, the difficulty to 
capture design intent in the creative phase makes a formalisation very hard; on the other 
hand, designers’ freedom requires high-level modelling tools.  
In aesthetic engineering, features are mainly related to the shape of a product, thus they 
correspond to modelling operations on a free-form surface. The freedom of stylists makes 
shape unpredictable and acceptable modifications infinite. It is very difficult devising 
aesthetically significant entities, which can be grouped together in a feature. Certainly, high 
level geometric parameters, such as curves and continuity conditions, are necessary to 
handle the shape. From the analysis of possible shape deformations, a formal free-form 
feature taxonomy has been formulated and some reasoning about a free-form feature-
based system has been outlined. But this is only the first step and a lot of work still is 
needed.  
Regarding expressing power, expecting a free-form model fully created by features is not 
reasonable. The number of alternatives is high and the ways to obtain the same shape 
various: a feature classification could not include all the cases. In addition, a too wide 
taxonomy would need too many parameters and would be ineffective for users. It has been 
shown that humans are not able to handle contemporarily more than eight parameters: a 
feature-based system has to taking it into account. 
However, there are not only modelling limits. Even feature-based systems for the 
mechanical context are not completely as such, but closer to enriched parametric systems. 
          Conclusions 
 106
The problem is due to validation maintenance, which is not really integrated in commercial 
software. It is a very complex task, which is not solved yet: without a deep understanding 
of the relationships between features, effective multi-view systems cannot be practically 
implemented. It is clear that these issues get worse in the field of free-form design, where 
few attempts have been made so far and no results have been achieved yet. 
A definitely more realistic perspective in free-form modelling is providing users with high-
level geometric tools for surface manipulation. Two aspects have to be considered: the 
capabilities of a geometric representation and the interaction with users.  
Geometric theory and tools are now highly developed. NURBS have been deeply studied 
and all the potentialities exploited. In this thesis, subdivision surfaces have been proposed 
as a modelling alternative. Computer graphics community is bridging the gap between 
continuous and discrete representations. Geometric properties and potentiality have been 
explored and it can be said that difficulty in modelling is comparable in the two 
environments. This does not mean that all is done, but that efforts may be directed more to 
solve technical problems than to theoretical foundations.  
Only recently discrete models have been employed  in CAD systems and they suffer from 
the lack of tools suitable for applications. An effort should be done to adapt computer 
graphics results to a more complex and constrained context as the industrial design. Not 
only problems insight the modelling phase, but also the interactions with the other phases 
of product development have to be faced. From the study and experience matured over the 
PhD years, subdivision surfaces appear a potential candidate for supporting integration 
with a unique geometric framework for different design stages. Such research area is 
unexplored, but the preliminary results showed they are promising. In addition, a practical 
introduction in CAD systems and users’ adoption would imply devices for exchanging data 
between applications and reusing.  
Coming back to modelling issues, tools supporting creativity and design intent are 
desirable, even if NURBS  are used. For this reason, a feature-based approach has been 
proposed here for both the traditional NURBS framework and the alternative subdivision 
surface technique. Two high-level instruments for shape manipulation have been 
implemented, which can be regarded as enabling technology for future design by feature 
systems in the free-form domain. Especially for the application based on subdivision 
surfaces, assisting the user in the modelling phase with familiar tools is fundamental. The 
major idea sustaining the development has been exactly creating a manipulation 
functionality providing results that a designer would expect. Also the interface has been 
conceived to assist the user as much as possible in the assignment of parameters, while the 
geometric algorithms performing the feature insertion being transparent. For a more 
realistic validation, various tests have been done on real models, supplied by car companies.  
A key concept to favour communication in product modelling is given by semantics. A lower 
level of knowledge insertion is supporting the modelling phase with geometric 
manipulation tools closer to users’ mentality and this improve the single development 
phases. More significant is  adding semantics shareable among the different phases. Trends 
in product modelling aim at increasing the communication and data exchange. Concurrent 
engineering and collaborative design make accessing to useful data fundamental. For this 
reason, models are required, which support work during all the phases of a product life 
cycle, conveying the best view for a given user and situation.  
Capturing product and process knowledge moves towards this direction. In the specific 
context of conceptual design, this means a deep reasoning about shape, starting even from 
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the data acquisition phase (for example, for design coming from RE). Regarding the topics 
addressed in this thesis, working on a structured feature-based model, conceived to be 
independent of the underlying geometry representation, represents the first step in the 
achievement of a scenario in which not only the geometry of the object is handled, but also 
its semantic data.  
The importance of semantics in geometric models has been recognised also at the 
European level, as demonstrated by the financing of the AIM@SHAPE Network of 
Excellence [AIM@SHAPE], which faces the issue in a more general setting. The goal of 
the project, coordinated by CNR IMATI-Ge, is to advance research in the direction of 
semantic-based shape representations and semantic-oriented tools to acquire, build, 
transmit, and process shapes with their associated knowledge. The achievement of such an 
ambitious objective requires that different research fields -computer graphics and vision, 
computational mathematics, geometric modelling, CAD and engineering- join state-of-the-
art Knowledge Technologies. 
Figure 1. From the semantic to the geometric representation 
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In particular, a semantic enrichment and retrieval of shapes along the product development 
process is one of the intentions of the project. In Figure 1, the stages to link in order to 
attach the design intent to the geometric model are shown. Establishing these connections 
is a very complex task and calls for knowledge formalisation mechanisms: the definition of 
shape ontologies in the industrial context, generalising feature-based approaches, has been 
devised as a powerful instrument to semantic annotation of shape. 
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Appendix A 
Geometric Modelling: fundamentals 
Starting from the distinction between mathematical models and digital 
representations, a short overview of the most used geometric representations is 
given, with a particular attention to boundary models. Meshes and parametric 
surfaces will be sketched with more details. 
A.1 Mathematical models and digital representations  
Geometric modelling was introduced in CAD/CAM environment at the end of the 70s in 
order to make the design and production activities faster, which were traditionally 
performed with 2D drawings and physical models at the time. Geometric modelling 
systems provide a virtual space similar to the natural one, where the user can evaluate and 
modify the shape without building a real object, thanks to the mathematical (and not only) 
description of the 3D digital model. Costs and time to market are as much reduced as the 
digital tools better suit the particular design phase they were created for. 
Geometric modelling describes the most important aspect characterising each product: its 
shape. In particular, one of the typical goals of CAD/CAM systems is the geometric 
representation of mechanical parts which must also contain specific aspects of the 
design/manufacturing phase in order to be more efficient: for instance, design details, 
tolerances and the structure of the tools adopted to physically build up a product may 
influence the geometric representation of the object: swept or revolution surfaces are an 
example. Moving to robotics context, the geometric modelling of a physical environment 
can help a robot to interpret the information caught by its sensors and move in the space 
around.  
In order to represent an object in a computer, a suitable ideal i sat ion  of the real physical 
object has to be adopted. The idealised object should have an intuitively clear connection 
with the real one, while being simpler so that a synthetic representation can be assigned. 
The idealisation happens through the definition of a mathematical model which further 
leads to a representat ion  suitable for computer manipulation. This ideal framework for 
basic abstraction (proposed in [Req 80]) is shown in Figure 1.  
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Figure 1. Example of the three basic abstraction steps in geometric modelling 
The mathematical model of an object is a so l id , defined as a subset of ℜ3: 
• Bounded; 
• Closed (the boundary belongs to the solid); 
• Rigid (invariant under rigid transformations); 
• Regular (not isolated points, lines or faces); 
More formally, let δS be the boundary of a solid S. S is regular if the closure of the inside 
of S (S∪δS)  is equal to S: 
S Regular ⇔ S∪δS ≡ S 
Once given a mathematical definition of objects, the next step is to define the relation 
between models and representation, named schematisation. A representation scheme is a relation 
from the Model space (M) to the Representation space (R) s: M → R. The representation 
space R is defined by the representation technique chosen. The domain of s is denoted by 
D and the co-domain by V; D individuates all the models that have a representation in R, 
and vice versa, V individuates all the representation in R that correspond to a model in M. 
Note that not necessarily D≡M, i.e. in general not all models are representable. 
Analogously, it may be that a representation in R is not the image of a model; in such a 
case we say that the representation is not valid (see Figure 2. ).  
 
 
Figure 2. Representation scheme 
In addition, representation schemes are characterised the following properties [Man 88]: 
s 
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• Expressive Power: how many models can be represented (how many models in R 
belong to D); 
• Precision: how accurately a model can be represented; 
• Validity: if a representation is syntactically correct; 
• Non-ambiguity: if a representation corresponds to only one solid; 
• Uniqueness: how many valid representations a solid has; 
• Conciseness: how large the amount of memory required to store the 
representation is; 
• Computational ease and applicability: what the effort to write algorithms to generate 
this representation is and what computational complexity is involved, what kind 
of application the representation scheme is best suited for. 
A.2 Classification of representation schemes 
A.2.1 Wireframe and surface modelling systems 
Wireframe modelling -born as a 2D description and then extended to 3D- represents a shape 
by means of its characteristic lines and end-points. The surface is stored as a list of lines 
with the connectivity information and the manipulation happens through the curves and 
the points. The wireframe modelling systems required only simple input from the user, but 
they were ambiguous and could not allow for the distinction of the boundary (exterior and 
interior of the surface). Without this information it was impossible, for example, calculating 
mass properties, deriving tool paths to machine the surface or generating the finite mesh 
for the finite-element analysis; therefore, these systems were abandoned and substituted by 
surface and solid modelling systems. 
In surface modelling systems, the mathematical description includes the surface information in 
the form of a list of surface and curve equations. The surfaces were normally created in the 
system interpolating input points or net of curves and translating or revolving a specified 
curve in the space.  
Such systems supported composite geometric objects but not an explicit description of 
three-dimensional solids. They sometimes included surface connectivity (very useful to 
generate tool paths of an NC milling machine), but it was not the general case. In general, 
they were used mainly for two purposes: the visualisation and the machining.  
Further geometric information was added in solid modelling systems, which provide a full 
description and the evaluation of useful properties of an object. 
 
A.2.2 Solid modelling representations 
Digital representations of solids have been traditionally grouped into three fundamental 
categories [Man 88]: 
 Decomposition models, representing the object as a collection of basic primitives 
(see Figure 3(a)); 
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 Constructive models, representing the object as the result of Boolean operations on 
instances of solid primitives (see Figure 3(b)); 
 Boundary models, representing the solid in terms of its bounding surface (see 
Figure 3(c)).  
 
(a)  (b)  (c) 
Figure 3. Digital representations of solids: (a) decomposition representation, (b) 
constructive representation, (c) boundary representation 
The decomposition representation describes a set of points as a collection of simple objects 
called primitives, combined together by “gluing” operations. The primitive shapes are 
simple solids (such as cubes, spheres, cones,…) already stored in the system, that can be 
used by adjusting their size in the modelling phase. Constructive representations act on 
primitives as well, but support more advanced operations to create complex objects, such 
as Boolean operations (intersection, union and difference). Boundary representations (B-rep) 
manipulates directly low-level entities, such as faces, edges and vertices and represent only 
the boundary (a two-dimensional closed surface) of the object; analogously, the boundary is 
described by means of curves. In this way, models can be conceptually structured in a 
hierarchical way. Weiler [Wei 86] gave a more precise classification, distinguishing if the 
representation is  
• based on the boundary or on the volume; 
• based on the object or on the space; 
• evaluated or not evaluated. 
The model is based on the boundary or on the volume if the first or the latter are, 
respectively, explicitly described. It is based on the object if it is organised exploiting 
geometric characteristics, while on the space if it refers to the coordinate system which is 
embedded in. It is evaluated or not in accordance with the effort necessary to access to 
specific information of the object (e.g. vertex coordinates): in the latter case, such 
information must be derived from the models, but the first results less concise because the 
information is explicitly recorded. Combining the three criteria described, eight possible 
representations come out. 
A not-evaluated, spatial, volume-based technique is the octree representation, where the solid is 
decomposed in identical parts, usually cubic, placed on a fixed grid. This is the general 
characteristic of decomposition models, where each cell is called voxel (volume element) 
and it is stored by its centre (Figure 3(a)).  
All the decomposition models are not ambiguous, but not unique representations; 
moreover, it is expensive to check the model validity and the model is neither concise nor 
easy to create. On the other hand, it is possible to determine some topological properties of 
the object, such as connectivity and the presence of holes and cavities. Decomposition 
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representations are regularly used for structural analysis in CAE because they provides the 
most suitable description for finite-element techniques. The main drawback of this kind of 
representation is the big amount of data necessary to store the model, proportional to the 
precision required: the smaller the cells are, the higher the number of the necessary cells is.  
To decrease the memory storage, the octree representation can be preferable. It is a 
hierarchical variation of the general case and is based on the recursive subdivision of the 
3D space in octants. If the octant is not occupied or, conversely, is totally occupied by 
object points, the method acts exactly as the general case. If a cell is partially occupied, then 
it must be subdivided until a fixed threshold. The tree is the data structure employed to 
describe octrees, suitable for parallel computing. This geometric description was further 
enriched with the computation of Boolean operations, the evaluation of geometric and 
topological properties and was mixed-up with other representations (e.g. B-rep).  
Constructive Solid Geometry (CSG) is a not-evaluated, volume and object based. An object is 
stored as a binary tree whose final nodes are geometric primitives or the transformation 
value of a rigid transformation of them (unary operators), whereas the intermediate nodes 
are the binary Boolean operations (union, intersection and difference) or rigid 
transformations acting of both children. The root is the final object. In Figure 4, an 
example is shown. 
Figure 4. CSG representation 
The chosen primitives can be defined by the user, but the commonest approach is to 
provide a small set of simple and concise primitives (e.g. cube, cylinder, spheres, torus and 
cone) that the user can modify by means of parameters. The main advantages of CSG is 
the validity of the model, the compactness and the simplicity of the representation. On the 
other hand, the range of possible shape that can be obtained by Boolean operations alone 
is restricted and local modifications of the surface cannot be performed. In addition, it is 
expensive to extract geometric information and this usually implies the conversion of the 
model to a B-rep, operation requiring a great deal of computation. This is the reason why 
CSG models are commonly combined with boundary models, forming hybrid representations.  
A.3 Boundary representation 
Boundary schemes are the most important evaluated representations based on the object 
and on the boundary and, more generally, the most widely used representations for solids. 
They can also represent open surfaces and are very efficient for a wide range of 
U
-
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applications. The class of the boundary-based models is mainly composed of parametr i c  
sur faces , impl i c i t  sur faces  and meshes . 
The boundary of a three dimensional solid is a two dimensional surface, that is usually 
represented as a collection of faces. Usually, the segmentation of the surface into faces is 
performed so that the shape of each face has a compact mathematical representation, e.g. , 
that the face lies on a single planar, quadratic, toroidal or parametric surface. The portion 
of the underlying surface that forms the face is “chalked out” in terms of a closed curve 
that lie on the surface. A face may be well have several bounding curves as long as it is 
connected surface. Faces are often represented in terms of their boundary being a one-
dimensional curve. Hence, boundary models may be viewed as a hierarchy of models. In 
Figure 5 an example is shown. 
Figure 5. Boundary representation 
Often it is also required that the bounding surface of a solid is 2-manifold, that is every point 
of the surface has a neighbourhood topologically equivalent to an open disc in ℜ2 (i.e. it 
can be continuously deformed into an open planar disc). In Figure 6, examples of a non-
regular solid (it has a dangling face), a non-manifold solid (the highlighted vertex does not 
have a neighbourhood topologically equivalent to a disc) and a regular and manifold solid 
are shown respectively. 
 (a) (b) (c) 
Figure 6. Examples of (a) a non-regular solid, (b) a non-manifold solid, (c) a regular and 
manifold solid 
Since boundary representations describe a solid object, they have to distinguish between 
the interior and the exterior of the object. This fact is reflected in the convention of 
ordering the boundary edges of a polygon counter clockwise; this guarantees to uniquely 
determine the inside of a face and its orientation in space. 
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A.3.1 Boundary model data structure 
The topological entities face, edge, and vertex, and the geometry information attached to them 
form the basic constituents of boundary models. In addition to geometric information such 
as face and curve equations and vertex coordinates, a boundary model must also represent 
how the faces, edges and vertices are related to each other. It is customary to bundle all 
information of the geometry of the entities under the term geometry of a boundary model, 
and similarly information on their interconnections under the term topology. All boundary 
models represent faces in terms of explicit nodes of a boundary data structure. After that, 
many alternatives for representing the geometry and the topology are possible.  
Essentially, a boundary representation is a hyper-graph structure with nodes corresponding 
to faces, edges and vertices in a cell decomposition of the solid’s boundary. Links between 
the nodes express connectivity information. Figure 7 provides a simple example; the graph 
is shown only partially. The top levels of the graph in the figure contain only connectivity 
information. 
Figure 7. Graph structure of a boundary model 
If the phases are represented by polygons, the B-rep is called tessellation. The edge are then 
straight lines and the only geometric information to store is the vertex coordinates. 
In practice, a data structure for boundary representations requires to encode the basic 
geometric information together with a proper subset of topological relations between the 
entities. The given representation should take a low memory space, while giving a complete 
description of the solid, i.e. it must be possible to efficiently obtain all the entities and 
relations not encoded in an unambiguous way. 
Denoting the boundary representation scheme as B=(V,E,F) where V, E, F are vertices, 
edges and faces respectively, topological relations can be classified in (see Figure 8): 
• Adjacency relations between elements of the same dimensionality (VV, EE, FF); 
Face1      Face2      Face3      Face4      Face5      Face6 
Edge2 Edge9 
Vertex2    Vertex3 
(x2,y2,z2) 
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• Incidence relations between elements of different dimensionality. The incident 
relations can be divided in 
o Boundary relations, which relate an entity with entities (of lower dimension) 
belonging to its boundary (FE, FV, EV); 
o Coboundary relations, which relate an entity with others (of higher dimension) 
having it in their boundary (VE, VF, EF); 
Figure 8. Topological relations between entities 
In case of two-manifold representations, such relations are: 
Vertex-based relations 
• VE (Vertex-Edge) 
Associates to a vertex v ∈ V all the edges in E incidents in v, (conventionally ordered 
counter clockwise): 
VE(v)=e1, e2,…. en. 
• VV (Vertex-Vertex) 
Associates to a vertex v the ordered list of the other extremes of the edges e ∈E incidents 
in v (following the same order of the VE relation): 
VV(v)=v1, v2, … vn. 
• VF (Vertex-Face) 
Associates to a vertex v the ordered list of the faces f ∈F having v as a vertex. Faces are 
ordered consistently with the other relations: 
VF(v)=f1, f2,… fn. 
Face-based relations 
• FE (Face-Edge) 
Associates to a face f the ordered (counter clockwise) list of the edges which constitute its 
boundary: 
E
V F
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FE(f)=e1, e2,…en. 
• FV (Face-Vertex) 
Associate to a face f the ordered list of the vertices lying on its boundary 
FV(f)= v1, v2,…vn. 
• FF (Face-Face) 
Associates to face f the ordered list of the faces sharing an edge with f 
FF(f) = f1, f2, … fn. 
Edge-based relations 
• EV (Edge-Vertex) 
Associates to an edge e its two extreme vertices  
EV(v) = v1, v2, being e is oriented from v1 to v2. 
• EF (Edge-Face) 
Associate to an edge e the two faces which share e. 
EF(e)= f1, f2, where f1 lies on the left and f2 lies on the right of e, being e oriented from v1 to 
v2.  
• EE (Edge-Edge) 
Associates to an edge e the four edges incident in it and belonging to the faces of EF(e). 
EE(e) = e1, e2, e3, e4., where the four edges are ordered this way: let EV(e) = v1,v2 and 
EF(e)=f1, f2, then e1 and e2 are the edges incident in v1 and belonging to f1, f2 respectively; e3 
and e4 are the edges incident in v2 and belonging to f1,f2 respectively. 
 
A.3.2 Properties of boundary models 
The discussion on boundary models can be concluded by giving a brief description of their 
properties: 
• Expressive power: The modelling space of boundary models depends on the selection of 
surfaces that can be used. There is no inherent reason to limit this collection to mere 
half-spaces; hence, boundary models can be used to represent objects from a more 
general modelling space than that possible for CSG; 
• Validity: Validity of boundary models is in general quite difficult to establish. Validity 
criteria split into topological constraints and geometric constraints as discussed above. 
While it is possible to manage topological validity without large overhead, it is hard to 
enforce geometric correctness without penalising the speed in interactive design; 
• Non-ambiguity and Uniqueness: Valid boundary models are unambiguous and not unique. 
• Description language: Boundary models are tedious to describe directly. Fortunately, it is 
possible to build description languages that are based on graphical “drawing” and 
“sweeping” operations or on a CSG-like input on top of a boundary model; 
• Conciseness: Boundary models of useful objects may become large, especially if curved 
objects are approximated with polyhedral models. 
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• Closure of operations: Boundary models are usually not closed under set operations 
(regularized or not). In this theoretical sense, boundary model description mechanism 
based on CSG conversion or set operations are always vulnerable. The natural closed 
operations for boundary models are the Euler operators that will be briefly discussed in 
the next subsection. 
• Computational ease and applicability: Boundary models are useful for generating graphical 
output, because they readily include the data needed for driving a graphical display. 
Analysis algorithms based directly on boundary models become quite difficult if 
representation of curved objects must be processed. 
 
A.3.3 Euler operators 
The Euler operators for boundary representations manipulation were introduced in the 
geometric modelling literature by Baumgart in the mid 1970s [Mor 85]. They were 
originally used in mathematics textbooks to prove Euler’s theorem, which states that the 
Euler characteristic χ of a closed, connected, compact, orientable 2-manifold satisfies the 
equation 
χ = f- e + v 
where f, e, and v denote the number of faces, edges and vertices. This expression assumes 
that faces are simply connected, i.e. have no holes. If there are s connected surfaces, the 
Euler-Poincarè formula states that 
χ = f- e + v = 2 (s – g) + l 
where f, e, and v have the usual meaning, l denotes the number of edge loops (holes) inside 
the faces and s the number of connected components (shells) of which the surface is 
composed. 2g is the maximum number of closed curves which can be drawn on the surface 
without splitting it into distinct parts (informally, g is the number of through holes or 
handles in the object). g is said genus of the surface which bounds the solid. The Euler 
characteristic is a topological property of the surface. It is invariant under 
homeomorphism, independent of how the surface is decomposed and depends only on the 
number of shells and handles. 
Euler objects are those which satisfy Euler’s formula. The processes that add or delete faces, 
edges and vertices to create a new Euler object are called Euler operators. These operators 
provide a rational method for constructing solid, polyhedra-like objects and ensure that 
they are topologically valid (i.e. closed and oriented). The connectedness of the boundary 
surface of a solid is a property independent of the enclosed interior points. Connectivity, 
orientation and the characteristic of being non self-intersecting are global properties of the 
surface and depend on all of its parts. Euler’s formula asserts a quantitative relationship 
between these parts that allows for assigning certain distinctive global characteristics, such 
as the number of through holes and connectivity. Since Euler’s formula is not restricted to 
plane-faced polyhedra but also applies to any closed surface on which we can construct a 
proper net, the formula becomes a useful check on the topological validity of any solid 
whose surface can be expressed as a net of patches, curve segments, and vertices.  
To minimise the number and complexity of Euler operators in a modelling system, strict 
admissibility throughout a modelling process cannot be guaranteed, that is, inadmissible 
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objects are temporary constructed. It has been proved that a linear combination of five 
primitive operators is capable of representing any admissible transition [Man 88].  
A.4 Multi-resolution representations 
A first example of multi-resolution representation is the quadtree representation [Sam 84]. 
The quad-tree is a class of spatial indexing structures based on adaptive space subdivision 
into quadrants. In other words, it is a hierarchical grid such that the resolution is higher 
only in regions where data are more dense. As an example, consider a planar region as 
depicted in Figure 9. The whole region can be described by the root of the quadtree. Then 
the process starts partitioning the domain into four quadrants, NW-NE-SE-SW.  To each 
quadrant corresponds a node in the quad-tree: these four nodes are the children of the root 
node, and are arranged in the same order: NW, NE, SE, SW. Each quadrant can be either 
“full” or “empty”, that is, it contains partially the shape or not. We colour in white empty 
quadrants and in grey full quadrants; the first partitioning is depicted in Figure 9(a). Empty 
quadrants will be subdivided no more, and the corresponding node in the tree is therefore 
a leaf. Each full quadrant can be further divided, iterating the process, until a desired 
resolution is achieved. Figure 9(b,c) shows two further iterations, and a portion of the 
resulting quadtree in Figure 9(d). 
 
 (a) (b) (c) (d) 
Figure 9. Construction of the a quad-tree hierarchy 
The octree description previously described is a generalisation of 3D objects of the quad-
tree method. This is the most common representation used for adaptive subdivision 
surfaces, together with the multi-resolution techniques described below. 
Multiresolution Mesh (MM) is a generalisation of the triangulation boundary scheme [Cig 
et al.97]. Existing models based on domain decomposition are all obtained from an initial 
model which is progressively modified, either by refinement or simplification. Two 
successive modification may be either independent if they affect disjoint parts of the mesh, 
or the second modification may depend on the first one, so that it can not occur if the first 
did not occur before. Each local modification can be represented by the set of mesh 
elements it introduces, which is called a component. Dependency relations define a partial 
order on the set of components, which can be represented by a DAG (Directed Acyclic 
Graph) like that of Figure 10.  
Many methods have been proposed based on this approach, which basically differ on the 
modification style (refinement/simplification) and on the techniques used to implement 
those modifications; for instance, see [FlPu 95, Flo et al. 98, Hop 96].  
More formally [Kob et al. 00], given an arbitrary surface Sm, a multiresolution decomposition 
consists of a sequence of topologically equivalent surfaces Sm-1,…,S0 with decreasing level 
of geometric detail. The difference Di=Si+1-Si between two successive surfaces is the detail 
on level i which is added or removed when switching between the two approximations. 
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The reconstruction Sm=Si + Di + : : : + Dm-1 of the original surface Sm can start on any level 
of detail Si. 
Multiresolution modeling means that on some level of detail, the surface Si is replaced by 
Si’. This operation does not have any effect on S0,…,Si-1 but Di-1 and hence Si+1,…,Sm 
change since the (unchanged) detail information Di,…,Dm-1 is now added to the modified 
base surface. Si’ for the reconstruction of Sm’.  
Di is encoded with respect to local frames. These frames are aligned to the surface 
geometry of Si. For semi–regular meshes based on subdivision the reconstruction operator is 
given by the underlying subdivision scheme. The mesh Si  is transformed to the next 
refinement level Si+1’ = SSi by applying the stationary subdivision operator S and the 
obtained control vertices are moved by adding the associated detail vectors: Si+1 = Si+1’+Di. 
In order to generate a smooth approximation of Sm, the detail reconstruction is suppressed 
starting from some intermediate level j (Di = 0; i ≥ j).  
The decomposition operator has to be the inverse of the subdivision operator, i.e. given a fine 
mesh Si+1, a mesh Si must be found such that Si+1 ≈ SSi. In this case the detail vectors 
become as small as possible. If D is the decomposition operator, given a fine mesh Si+1, 
Si=DSi+1, e.g. by applying a number of edge collapse operations. 
 
Figure 10. Multiresolution Mesh depicted as a graph, whose root node is the initial mesh 
A.5 NURBS 
The introduction of parametric curves first, and parametric surfaces later, was due to 
aerospace and car industry in the 1950s. The advent of NC pushed to find a digital 
representation suitable for communicating geometry to milling machines. Coons and Bezier 
surfaces and further generalisations were introduced in the 1960s. NURBS (Non-Uniform 
Rational B-Splines) were the last to be devised in 70s and are the today’s standard in 
CAD/CAM systems. For a complete theory about different parametric curves and surfaces 
adopted in CAGD, the reader can refer, for example, to [HandCAGD 02]. Here only the 
definition and main properties of NURBS surfaces will be outlined.  
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A NURBS surface of degree p in the u direction and degree q in the v direction is a bi-variate 
vector-valued piecewise rational function of the form [PiTi 95] 
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The {Pi,j} form a bi-directional control net, the {wi,j}are the weights, the {Ni,p(u)} and 
{Nj,q(v)} are the non rational B-spline basis function defined on the knot vectors { }1,...,1,,...,,0,...,0 11 −−+= prp uuU  
{ }1,...,1,,...,,0,...,0 11 −−+= psp vvV  
where r=n+p+1 and s=m+q+1, and  
Ni, 0(u) =
1        se ui ≤ u < ui +1
0              altrimenti
     ,
Ni, p (u) = u − uiui + p − ui Ni, p−1 (u) +
ui + p+1 − u
ui + p+1 − ui +1 Ni +1, p−1(u) . 
Defining the piecewise rational basis functions 
∑∑
=
= =
n
k
m
l
jiqlpk
jiqjpi
wuNuN
wuNuN
ji vuR
0 0
,,,
,,,
)()(
)()(
, ),( ,
 Eq. (A.1) can be expressed by 
∑∑
= =
=
n
i
m
j
i,jji vuRvuS
0 0
, ),(),( P . 
Eq. (A.1) defines NURBS surfaces as a tensor product surface, i.e. it is a bi-directional 
curve scheme. The basic functions Ri,j(u,v) are defined as a product of univariate basis 
functions and the geometric coefficients are topologically arranged in a bi-directional n×m  
net. The isoparametric curves, obtaining imposing either u=u0 or v=v0, are NURBS curves.  
Non-Uniformity is referred to knot vectors, whose elements are not equidistantly distributed 
and may have multiplicity greater than 1. Knot vectors determine how and where the basis 
functions Ri,j(u,v) are defined. In the 2D case, that is for NURBS curve, if a knot is multiple, 
the curve approaches to the correspondent control point; if the multiplicity is equal to the 
degree, the curve meets the control point; if it is greater, a discontinuity may occur. 
Rational is related to the basis functions Ri,j(u,v), which are rational functions and permit to 
represent conics, conversely to non-rational B-splines.  
The basis functions Ri,j(u,v) have the following properties: 
• Non-negativity: Ri,j(u,v)≥0, ∀i,j,u,k; 
• Partition of unity: ∑∑
= =
=
n
i
m
j
ji vuR
0 0
, 1),( , ∀(u,v)∈[0,1]×[0,1]; 
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• Local support: Ri,j(u,v)=0 if (u,v) is outside the rectangle [ui,ui+p+1)×[vj, vj+q+1); 
• In any given rectangle of the form [ui0,ui0+1)×[vj0, vj0+1), at most (p+1)(q+1) basis 
functions are nonzero, in particular, Ri,j(u,v)≠0 for i0-p≤i≤i0 and j0-q≤j≤j0; 
• If p,q>0, Ri,j(u,v) attains exactly a maximum value; 
• R0,0(0,0)= Rn,0(1,0)= R0,m(0,1)= Rn,m(1,1)=1; 
• Differentiability: interior to the rectangles formed by the u and v knot lines, all 
partial derivatives of Ri,j(u,v) exist. At a u knot (v knot) it is p-k (q-k) times 
differentiable in u (v), where k is the multiplicity of the knot; 
• If all wi,j=a≠0 ∀i,j Ri,j(u,v)= Ni,p(u) Nj,qj(v) ∀i,j. 
Such properties permit to prove some important geometric properties of NURBS: 
• Corner point interpolation: S(0,0)=P0,0, S(1,0)=Pn,0, S(0,1)=P0,m, S(1,1)=Pn,m; 
• Affine invariance: an affine transformation is applied to the surface by applying it 
to the control points; 
• Strong convex hull property: Let be wi,j≥0 ∀i,j. If (u,v)∈[ui0,ui0+1)×[vj0, vj0+1), then 
S(u,v) is in the convex hull of the control points Pi,j, i0-p≤i≤i0 and j0-q≤j≤j0; 
• Local modification: if Pi,j is moved or wi,j is changed, it affects the surface only in 
the rectangle [ui,ui+p+1)×[vj, vj+q+1); 
• Non-rational B-Splines and Bezier and rational Bezier surfaces are special case of 
NURBS surfaces; 
• Differentiability: S(u,v) is p-k (q-k) times differentiable in u (v), where k is the 
multiplicity of the knot. 
When designing a shape, tools for both the creation and the editing of the representing 
surface are necessary. In the next subsections, the two topics will be treated in the context 
of NURBS. 
 
A.5.1 Construction of surfaces 
The creation of a new shape usually depends on some geometric constraints that the 
surface has to respect. 
It may be possible that a set of points has to be interpolated, for example as in Reverse 
Engineering where the output of a scanner is a point cloud. There are methods for surface 
fitting and approximation, both global and local. In fitting operations, all the points have to 
be exactly interpolated and some conditions on derivatives can be imposed. But exact 
interpolation is not always possible or interesting. Too many points and conditions 
produce over-constraint problems, which can have no solution. On the other hand, it is 
sometimes not important to interpolate all the points: coming back to RE, the point cloud 
is often very dense and noise has to be discarded. In this case, an approximation problem 
must be solved: finding the surface that approximates the data under a fixed error 
threshold. This problem is more complex to treat, since it is not known in advance how 
many control points are required to obtain the desired accuracy. The general procedure is 
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iterative: first, a minimum number of control points is fixed and a fitting algorithm is 
applied; then, deviation from all the data is checked and, if exceeds the threshold, the 
process comes back to the first step, after having incremented the number of control 
points. 
Another set of special surfaces is the ones guided by some curves. For example, ruled or 
revolution surfaces, or -more complex- loft or swept surfaces. There exist dedicated 
algorithms to build these surfaces through NURBS. Ruled or revolution surfaces can be 
computed exactly; on the contrary, this is not true for more complex shapes, which can be 
only approximated. The reader can refer to literature for details [PiTi 95]; here, only some 
remarks about swept surfaces are given. It has to be noticed that here “swept surface” refer to 
the surface obtained by propagating a section along a trajectory in the 3D space, and not a 
local modification of the surface through a directrix and a section, as treated in Chapter 5. 
Mathematically, if T(v) denotes a directrix and C(u) a section curve, a swept surface is 
represented by 
S(u,v)= T(v)+M(v)C(u), (A.2) 
where M(v) is a 3×3 matrix incorporating rotation and non uniform scaling of C(u) as a 
function of v. T(u) and C(v) can be arbitrary. 
In general, (A.2) produces nonsensical and unwanted surfaces with self-intersections, 
degeneracies, and discontinuities. Furthermore, S(u,v) is often not precisely representable as 
a NURBS. Two cases are possible: 
• M(u,v) is the identity matrix, i.e. ∀v, C(u) is simply translated by T(v); 
• M(u,v) is not the identity matrix. 
The first case is trivial. S is the NURBS surface given by (A.1), where Pi,j=Tj+Qi  (Tj are the 
control points of T(v) and Qi  are the ones of C(v)) and wi,j=wiCwjT. 
The second case can be complex and require approximation algorithm. The difficult issue 
here is defining a local Frenet frame, which move along T(v) and expressing M in terms of 
the local coordinate system. 
In the free-form domain is often necessary to built very complex shapes, not belonging to 
predefined classes. In this case, ad hoc surfaces must be created through the manipulation 
of defining NURBS entities, i.e. control points, weights and degree. NURBS are not able to 
represent any topology and then the surface has to be decomposed in more patches joined 
together, each representing a portion; continuity conditions are imposed at the boundary of 
each patch. It can happen that a portion of surface can be better represented by a bigger 
surface, which is properly trimmed and connected to the other.  
Finally, rounding areas and fillets can be created as separate surfaces to connect to the 
incident patches. These are all construction methods included in ordinary surface 
modellers. 
 
A.5.2 NURBS manipulation 
Once a surface is created, some changes can be desired: maybe the surface is not as the 
user expected, or some insertions of new parts are necessary. In order to manipulate the 
shape of a NURBS surface, different kind of algorithms can be used.  
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Basic entities appearing in (A.1) affect the shape of the surface. To modify and locally 
control the shape of a NURBS, both control point movement and weight modification can 
be used.  
It is possible to move control points directly, but there are also algorithms allowing users to 
move a surface point, while the correct control network is computed. For interactive 
design, a new control point can be useful for more flexibility in local shape control. To do 
this, the number of knots has to increased due to the relationship among the degree of the 
surface, the number of knots and the number of control points, see (A.1). Knot refinement 
algorithm is useful not only for interactive design, but also for the evaluation of points and 
derivatives. Together with knot removal and degree elevation and reduction, the knot 
refinement algorithm do not modify the shape of the NURBS, which remains 
parametrically and geometrically the same.  
While the movement of a control point has a translation effect, the modification of weights 
have a prospective effect. Generally, if wi,j increases (decreases), the point S(u,v) moves 
closer to (farther from) Pi,j,, thus the surface is pulled toward (pushed away from) Pi,j. In 
the 2D case, the modification of two close weights pulls towards or pushed away  the curve 
from the correspondent side of the control polygon. More intuitively, functionalities 
usually included in modellers allow users to they choose a starting point and a final point 
and the algorithm evaluates the correct weight to obtain the required transformation. 
This kind of manipulation is very low level and designers do not like to be bothered with 
such a geometry. Higher level tools for rough sculpting of curves and surfaces are given by 
shape operators, which are based on knot refinement and removal. They include warping, 
flattening and bending. 
Warping permits to rather arbitrarily deform a local segment of a curve or a surface. In the 
2D case, the control point Pi  is moved to 
Pi→Pi+fdW, 
where f is a function controlling the warp shape, d is a constant upper bound for the 
control point movement (i.e. on warp distance), W is the warp direction (it ca be variable).  
Flattening permits to introduce straight line segments into curves and planar regions into 
surfaces. Some sample of control points of the region to modify are projected (according 
to a given direction) onto the desired line or plane and substituted by the projected points.  
Given a bend centre and a bend curve (surface), bending permits that, in a certain region, the 
curve (surface) approaches the shape of the bend curve (surface). This operator is the basis 
for common Push/Pull tools included in modellers, where predefined surfaces (usually 
spheres) are used as an interactive brush for sculpturing the surface. Unfortunately, it is not 
easy to control the extent and quality of the shape modification. 
Together with functionalities to reparameterise curves/surfaces, to constrain the 
curve/surface with continuity or tangency conditions, the ones presented are the most 
common tools provided by commercial systems. 
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Appendix B 
Subdivision schemes 
Some basic mathematical detail about subdivision surface will be given; in 
particular, the relationship with splines and convergence issue will be dealt with. 
The masks of classical schemes will be presented and a final comparison among 
the schemes will be made. 
B.1 Relationship with uniform splines 
As seen in Chapter 3, 
Definition B.1. If P={Pik}, i∈I, k≥0, is a set of points given a level k of the refinement sequence, the 
point at the level k+1 are determined by 
 Pik+1= S Pik, (B.1) 
where S is the subdivision matrix. A subdivision surface is 
 k
k
PP ∞→
∞ = lim  (B.2) 
For a more complete theory about subdivision  surfaces, see [Zor et al. 00, HandCAGD 
02].  
Subdivision methods started as a generalisation of knot refinement for uniform B-splines. 
In fact, it is possible to include uniform splines in a subdivision formulation [Zor et al. 00].  
If the knot vectors of a spline are given by { }ui ihu =  and { }vi ihv = , taking { }2/ui ihu =  
and { }2/vi ihv =  as new knot vectors, the same spline is represented: the new control 
points are a linear combination of the ones obtained with the former knot vectors. It can 
be proved that the iterative repetition of the process generates a sequence of meshes 
converging to the spline surface itself. More formally, let  
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 )()( 0∑=
i
i
i tBxtx  
be a spline written as a linear combination of shifted basis functions )()( 00 itBtB
i −=  (for 
the sake of simplicity, the curve case is described). It can be verified that the basis function 
of degree l can be written as 
 )()( 00 tBtB
l
il =
⊗=   (B.3) 
where the convolution of two functions f(t) and g(t) is, by definition,  
∫ −=⊗ dsstgsftgf )()())(( . 
The following properties hold: 
)()()()())()(()( thtftgtfthtgtf ⊗+⊗=+⊗  linearity 
( ) ( ) ( )( )f t i g t k f g t i k− ⊗ − = ⊗ − −  time shift 
)2)((2/1)2()2( tgftgtf ⊗=⊗  time scaling 
Moreover, it can be proved that the basis function of degree l can be written as a linear 
combination of translates (given by k) and dilated (2t) copies of itself. In fact, from (B.3) 
and the properties given above,  
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If B(t) is the vector of the translates of the basis function, it holds 
SBB )2()( tt =  
where the elements of the matrix S are defined as 

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,2 . 
Finally, the spline curve γ(t) ca be written as 
0)2()2()2()()( pSBpBSpBpB jjjj ttttt ====γ  
where S acts as a subdivision matrix. The sequence converge to a spline if the limit j→∞. 
B.2 Convergence and continuity analysis 
Eq. (B.1) gives the definition of a subdivision curve or surface by means of a subdivision 
matrix. It is fundamental to: 
• study the convergence of the scheme, independently of the control mesh it is 
applied to; 
• compute the value of a point on the limit curve or surface; 
• compute the tangent vector at a point on the limit curve or surface and verify, in 
that way, the continuity of the limit. 
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All these issues can be treated studying the properties of the matrix S. In the next, the 
analysis will be carried out in the bi-dimensional case (i.e. subdivision curves) for the sake 
of simplicity; the arguments for surfaces are conceptually the same. 
To verify that (B.1) is a well-given definition, it must be proved that the sequence of points 
{Pik}, i∈I, k≥0 converges for k→∞. More formally, a subdivision scheme S converges to a 
continuous limit function if the limit (B.2) 
)(lim)( tPtP j
j ∞→
∞ =  
exists for all t and the sequence Pj(t) converges uniformly1. An hypothesis to add in order to 
prove this convergence condition is that all the rows of the matrix S sum to 1, i.e. S1=1, where 1 
is the identity matrix (in other words, the vector [1,1,…,1] is an eigenvector of the 
subdivision matrix with eigenvalue 1). This condition implies that a new inserted point is 
given by a convex combination of the points of the previous level; it is not a restrictive 
requirement in the sense that it is needed to guarantee the affine invariance of the 
subdivision process. 
Defining the difference between two adjacent points Pji+1- Pji=(∆Pj)i, it can be proved the 
following lemma: 
Lemma B.1. If jj cγ<∆p  for some c >0 and a shrinkage factor 0<γ<1 for all j>j0≥0, then 
Pji(t) converges to a limit function )(tP∞ . 
This is the lemma normally used to prove the convergence of a scheme. 
By definition, the coefficients of the subdivision matrix characterise the appearance of the 
curve or surface. Then, in order to control the shape, the coefficients may be modified 
locally. If one wants to study the limit curve in a neighbourhood of a control point, the 
whole infinite matrix S is not necessary: The invariant neighbourhood is the number of control 
points at the coarsest level needed to reach a certain limit point. Its size depends on the 
number on non-zero elements in each row of S. Such a condition can be expressed as 
∃k<+∞ s. t. ∀i  #{Sij≠0, ∀j }<k. 
It is then possible to determine a local subdivision matrix S from the number of the basis 
functions that overlap a small interval of the point to study.  
Differentiability properties of the curve are related to the eigenstructure of this matrix. Let be 
S the local subdivision matrix n×n and suppose that it has a complete set of eigenvectors x0, 
x1,…, xn-1 forming a basis; let the correspondent real eigenvalues be λ0≥λ1≥…≥λn-1. 
Then, any vector p can be seen as a linear combination of eigenvectors: 
i
n
i
ia xp ∑−
=
=
1
0
 
where the ai=xi⋅p are the usual inner products. Hence, it follows that 
                                                 
1 A sequence of functions fi defined on an interval I⊆R converges uniformly to a limit function f if ∀ε>0 
∃n0>0 such that ∀n> n0 ε<−∈ )()(max tftf nIt  
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and, iteratively, ∀j, 
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It easily noted that if λ0>1, the subdivision cannot converge; then, all the eigenvalues must 
be at most 1 and it can even be proved that only one must be equal to 1. Certainly one 
eigenvalue equal to 1 exists, since S1=1 by hypothesis. It may be inferred that 
 0
0lim)0( aSP j
j
== ∞→
∞ p  (B.4) 
since all |λi|<1 decay to zero. This is the formula to evaluate the points at the limit. 
Subdivision methods guarantee distance preserving transformations thanks to their 
linearity, but also invariance with respect to affine transformations (e.g. translations, rotations). In 
fact, if 1 represent the vector of all 1’s and a∈R2 is a displacement in the plane, applying 
the subdivision process to the transformed points gives 
S(Pj+1 a)=Pj+1+S(1 a), 
and then it must be S(1 a)=1 a to have the translational invariance. This implies that 1 
should be the eigenvector of S with eigenvalue λ0=1. 
Now the continuity argument must be treated. Assuming that any λI, i≥1 are strictly less than 1 
and choosing the coordinate system such that a0 is the origin of R2, it can be written 
i
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This equivalence implies that the term corresponding to λ1 dominates the behaviour of the 
vector of the control points and, in the limit, a set of n points are arranged along a1. 
Geometrically, this correspond to the vector tangent to the curve at the origin of the 
coordinate system. If it were λ1=λ2, as j increases, the points in the limit configuration 
would be linear combinations of a1 and a2, which in general are not aligned. It follows that 
an additional assumption for the existence of a tangent is that λ0=1>λ1>λ2. 
To prove the convergence and continuity of a subdivision scheme in 3D case, analogous 
reasoning is done. In this case, the succession of matrices Sj must be studied. The difficulty 
is given by the topological structure of the points of the initial mesh: while for the curve 
case the points Pi are arranged in a sequence (a piecewise straight line), in case of 3D 
meshes the valence of the points can be different and then extraordinary points have to be 
treated separately. 
B.3 Subdivision schemes 
In Chapter 3, some criteria to give a partial classification of subdivision schemes for 
surfaces has been given. In particular, it has been seen that there are different schemes 
according to the type of base mesh, in particular if it is triangular of quadrangular. Schemes 
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can be face-split or vertex-split, according to the refinement rules, and interpolating or 
approximating. In Table 1, some classical (stationary) schemes for subdivision surfaces and 
their properties are collected. The continuity item refers to the continuity at the regular 
points, while it decreases at extraordinary points. 
 
Scheme Approx Interp Quad Triangle Primal Dual Continuity
Doo-Sabin *  *   * C1 
Catmull-
Clark 
*  *  *  C2 
Loop *   * *  C2 
Butterfly  *  * *  C1 
Kobbelt  * *  *  C1 
Table 1. Classical subdivision schemes for subdivision surfaces and properties 
Before proceeding, it must be specified that mask and stencil are two terms indicating the set 
of coefficients to apply to a vertex in order to obtain the new control points at the next 
level; in other words they give the practical formula of the subdivision process. In the 
following, the above schemes are described with more details and the subdivision rules are 
given, but not all the special cases (e.g. features on the surface) are included here. 
It can be noticed that masks are related to one point of the mesh, so they can be applied 
locally giving rise to different refinement levels on the same tessellation. 
 
B.3.1 Doo-Sabin scheme 
The most common dual quadrilateral schemes are Doo-Sabin, Midedge and Biquadratic. 
They are conceptually simpler than primal schemes because a single mask is enough to 
define the rules; there are special rules only for the boundary. The first two have the 
additional property that can be interpreted as a midpoint subdivision of the edge followed 
by a centroid averaging step. Applying the centroid averaging to midpoint-subdivided mesh 
any number of times, splines of higher and higher degree can be obtained in the regular 
case (at the centroid of the faces it remains C1). Biquartic scheme is defined starting from 
Doo-Sabin points and averaging twice. 
In particular, Doo-Sabin scheme is a generalisation of biquadratic B-Splines; for this reason 
(see Appendix A), only C1 continuity can be achieved at the limit. 
The original subdivision matrix was defined by  


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,
4
5
π . 
The masks are shown in Figure 1; the coefficients ai can be defined as above or according 
to a variant suggested by Catmull-Clark. 
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Figure 1. Doo-Sabin masks [Zor et al. 00] 
 
B.3.2 Catmull-Clark scheme 
The Catmull-Clark scheme generalises the uniform tensor product cubic B-splines. This 
means that, if all the vertices are regular, the limit surface is exactly the cubic B-spline with 
the initial mesh as the control polyhedron. The scheme is defined for quadrilateral meshes, 
but arbitrary meshes can be reduced to quadrangular ones applying a general form of the 
scheme itself. It produces C2 surfaces everywhere, but at extraordinary vertices where it is 
C1.  
If Mi indicates the mesh at the i-th level of refinement, each vertex of Mi+1 can be 
associated with either a face, an edge, or a vertex of Mi; these are called face, edge, and vertex 
points, respectively. In the following formulas, f ’s denote face points, e’s denote edge points, 
and v’s denote vertex points. Face points are positioned at the centroid of the vertices of 
the corresponding face. An edge point ei+1  is computed as  
4
11
11
++
−+ +++=
i
j
i
j
i
j
i
i
j
ffev
e , 
where subscripts are taken modulo the valence of the central vertex v0. Finally, a vertex 
point vi is computed as 
∑∑ ++ ++−= j ijj ijii fnenvnnv 1221 112 . 
The masks are shown in Figure 2; the values β=3/2k, γ=1/4k are the ones suggested for 
better results.  
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(a)      (b)  
Figure 2. Catmull-Clark masks: (a) masks for odd vertices, (b) masks for even vertices [Zor 
et al. 00] 
 
B.3.3. Loop scheme  
The Loop scheme produces a generalisation of the quartic box splines and it is defined on 
triangular meshes. In general, it is not advisable using a scheme not applicable to that kind 
of mesh because some unexpected results may occur. Then, in this case as well, one must 
triangulate the mesh before applying the scheme. The regularity is as high as the previous 
scheme: C2 over regular meshes and C1 at extraordinary points. 
The masks are the following (the notation is as above): 
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where n is the valence of the vertex of vr, subscripts are taken modulo n, and 
64
))/2cos(23(
8
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nann πα +−=−= . 
The masks are shown in Figure 3; the original choice of Loop is 
β= 


 
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π ; for n>3, β=3/8n and for n=3, β=3/16 may be used. 
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 (a) (b)  
Figure 3. Loop masks: (a) masks for odd vertices, (b) masks for even vertices [Zor et al. 00] 
 
B.3.4  Butterfly scheme 
The Butterfly scheme is an interpolating scheme defined on a triangular mesh. It does 
not provide a piecewise polynomial surface at the limit, but no formulas are needed to 
evaluate points of the limit surface, since they all lay on it. In the original version of the 
scheme, C1 continuity was not guaranteed at extraordinary points of valence k=3, k>7, 
but then it was modified to provide C1 continuity everywhere (but not C2). There are 7 
types of rules for meshes with boundary and are reported in Figure 4 (the rules are the 
ones of the modified scheme). 
 
 
(a) (b) 
Figure 4. Modified Butterly scheme: (a) interior rules, (b) boundary rules[Zor et al 00] 
 
B.3.5 Kobbelt scheme 
Kobbelt scheme is an interpolating scheme for quadrangular meshes. For regular meshes, it 
reduces to the tensor product of the four-point scheme (which is a subdivision scheme for 
curves) and produces C1 continuity for interior points, independently of the valence. As in 
all tensor product schemes, the face control points can be computed in two steps: first, all 
         Appendix B 
 133
edge control points are computed, then face vertices are computed using the edge rule 
applied to a sequence of control points on the same level. In Figure 5, masks are shown. 
 
(a)     (b) 
Figure 5. Kobbelt scheme:  (a) regular mask,  (b) computing a face vertex adjacent 
to an extraordinary vertex [Zor et al. 00] 
B.4 Comparison of schemes 
It is not possible to decide which is the best scheme and the choice depends on the results 
desired. In general, approximating schemes provide more pleasant shapes because of the 
higher regularity (usually C2). On the other hand, this methods produce a remarkable 
shrinking: the final shape occupies much smaller volume that the initial control mesh. The 
interpolating schemes create shapes closer to the initial mesh, more a foreseeable shape 
then, but they are more sensitive to the presence of sharp features. However, if the control 
meshes are quite regular (uniform triangles and small angles between adjacent faces), the 
result of the application of different scheme is often insignificant with respect to the 
resulting surface.  
Another important factor is the kind of mesh given at the beginning. A good advice is 
generally preserving the mesh type: if it is quadrangular or triangular, it is better to apply 
schemes based on quads or triangles, respectively. In fact, if not, the first step is 
transforming the mesh in a right type one. A quadrilateral scheme may be preferable for 
natural texture mapping or for some symmetries, e.g. rotation surfaces. 
Regarding the dual quadrilateral schemes (Midedge, Doo-Sabin and Biquartic), the final 
smoothness increases with higher order, but the increasing smoothness causes increasing 
shrinkage. 
3  scheme (honeycomb and bisection have the same philosophy) works like this: in a first 
step every triangle is split in three inserting a new vertex at the barycentre; then, the original 
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edges are flipped, yielding a mesh rotated by 30 degrees, after a scaling of 3 . The 
convergence in this case is slower than previously because at each step the number of 
triangles triples rather than quadruple. A consequence is a finer control of the 
approximation. 
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Appendix C 
Prototype implementation data 
The prototype implementing Sweep-like features introduced in Chapter 5 has been 
inserted as a plug-in in Maya modeller by Alias|wavefront. Maya capabilities and 
architecture are briefly described, and some notes related to the developed code 
organisation are added. 
C.1 Maya by Alias|wavefront 
The prototype implementing Sweep-like features introduced in Chapter 5 has been inserted 
as a plug-in in Maya modeller by Alias|wavefront [Maya], which addresses to animation 
graphics. In the last years, subdivision surfaces have shown their power in this field and 
now most modellers for animation incorporated them as an alternative modelling 
technique. Therefore, it has been decided to employ one of such commercial animation 
systems for the prototype implementation. In particular Maya has been selected because it 
offer good customisation and plug-in development capabilities. Choosing a commercial 
system provides available visualisation resources as well as the possibility of dealing with 
complex models. 
Addressing to animation, the modeller covers three different main functionalities: 
• Modelling, to create scene background and characters; 
• Animation, to generate motion of the elements in the scene; 
• Rendering, to produce textures and choose lights and perspective of the scene. 
Focussing on modelling, it includes the most common geometric representations, which 
are NURBS, discrete tessellations, and subdivision surfaces. The three representations are 
connected to each other through conversion functionalities, as shown in Figure 1. 
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Figure 1. Geometric representations in Maya 
Modelling functionalities are the typical included in specialist software. It is possible to 
create and edit NURBS and meshes (called Polygons) with low and high level geometric 
tools: from manipulating directly control points to sweep (in the sense of single surfaces) 
and loft surfaces for NURBS, and operations on mesh entities for Polygons. In addition, an 
option to instantiate geometric primitives (plane, cube, cylinder, cone, sphere, torus) with 
NURBS, polygon and subdivision surface representation is provided. They can be used as a 
basis for Boolean operations and shape creation and this is the usual approach when 
creating a new shape by subdivision surfaces. 
Regarding subdivision surfaces in particular, two handling modes are supplied. Standard 
mode allows for edge and face refinement (for local areas as well), visualisation of the 
different refinement levels and creation of full or partial creases; Polygon Proxy Mode allows 
for basic manipulation operations (e.g. extrusions, intrusions, rotations, translations), but 
they can be applied only to the base mesh, thus the surface can be modified only indirectly. 
If using subdivision surfaces, no tool is present to perform high-level geometric 
modifications and no modification macros are included. Obviously, Maya does not support 
a feature-based modelling approach. 
C.2 Sweep feature plug-in 
The prototype for sweep insertion proposed in the thesis has been implemented as a stand-
alone plug-in. 
User-defined functionalities can be developed adopting both MEL (Maya Embedded 
Language) and API (Application Programmer Interface). MEL contains pre-compiled commands, 
which can be used in a script implementing higher level operations; API permit to directly 
access to Maya kernel for more complex commands (see Figure 2) and for enquiring and 
A 
N 
I 
M 
A 
T 
I 
O 
N 
RENDERING
NURBS
Polygon 
Subdivisionconversion
conversion
conversion 
MODELLING 
                    Appendix C 
 137
changing low level geometric data. User-defined interface may be developed only with 
MEL. 
The implemented plug-in is technically a MPxCommand working with both API and MEL. 
The programming language is C++, as used in Maya  kernel and Linux is the chosen 
platform. As said, the GUI (Graphical User Interface) has been implemented with MEL 
capabilities. 
Figure 2. Maya architecture 
Once the user selects the input parameters to insert a Sl-feature on a model, the data are 
retrieved from the interface and the Sl-feature class is instantiated. The Sl-feature class 
contains the feature type, its behaviour and parameters according to the definition given in 
Chapter 5.  
The directrix and the section are organised into classes as well and are instantiated after the 
selection phase in the workspace. The directrix class contains all the geometric information 
related to the directrix; it has developed as an adjacency list of edges and includes the 
methods to calculate the scaling function for each vertex according to the data of the 
feature. The section class, besides geometry and the scaling factor associated, holds a pointer 
to its local coordinate system. This constitutes another class, which handles the definition and 
the transformation of the local system when the copies of the input sections are positioned 
correctly along the directrix. 
The plug-in acts on the subdivision module: input and output surfaces are subdivision 
surfaces hierarchically organised. On the other hand, the geometric methods implemented 
to manipulate the surface at the level k, where the Sl-feature is inserted, operate on an 
unstructured tessellation. An internal format conversion was necessary, since Maya does 
not provide many functionalities for subdivision surfaces, while meshes can be treated 
much more easier. 
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